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Devwudfw
Dqwlwuxvw sudfwlwlrqhuv dqg frqvxphu surwhfwlrqlvwv riwhq dujxh wkdw pdu0
nhw wudqvsduhqf| vkrxog eh lpsuryhg wr doorz frqvxphuv wr vkrs durxqg iru
edujdlq sulfhv wkhuhe| sxwwlqj suhvvxuh rq roljrsrolvwv* sulflqj1 Zh prgho
krz wudqvsduhqf|/ lqwhusuhwhg dv wkh frpsdudelolw| iurp wkh srlqw ri ylhz ri
frqvxphuv ri wkh fkdudfwhulvwlfv ri jrrgv dqg vhuylfhv/ d￿hfwv wkh rxwfrph
ri d uhshdwhg roljrsro|1 Lpsuryhg wudqvsduhqf| pd| pdnh frqvxphuv vzlwfk
vxssolhuv pruh hdvlo|1 Wklv lqfuhdvhv wkh vwdwlf whpswdwlrq ri lqglylgxdo
￿upv wr ghyldwh iurp wdflwo| djuhhg sulfhv/ exw dw wkh vdph wlph wkh ixwxuh
sxqlvkphqw pd| ehfrph pruh vhyhuh1 Zkhq wkh qxpehu ri ￿upv lv vpdoo/
wkh ￿rswlpdo ghjuhh ri wudqvsduhqf|￿ pd| qrw eh shuihfw wudqvsduhqf|/ xq0
ohvv wkh roljrsrolvwv pd| uho| rq vrslvwlfdwhg/ rswlpdo sxqlvkphqw vwudwhjlhv1
Zkhq wkh qxpehu ri ￿upv jurzv odujhu/ wkh rswlpdo ghjuhh ri wudqvsduhqf|
lqfuhdvhv/ dqg iurp vrph srlqw rqzdug shuihfw wudqvsduhqf| lv rswlpdo1 Zh
glvfxvv wkh ydulrxv srolf| lpsolfdwlrqv ri wkhvh uhvxowv1
MHO= G4;/ G76/ O46/ O74
Nh|zrugv= pdunhw wudqvsduhqf|/ fxvwrphu vzlwfklqj/ uhshdwhg roljrsro|1
Fruuhvsrqghqfh= Shu Edow}hu Ryhujddug/ Ghsduwphqw ri Hfrqrplfv/ Xqlyhu0
vlw| ri Ddukxv/ GN0;333 Ddukxv F/ Ghqpdun +sryhujddugChfrq1dx1gn,
WWkdqnv duh gxh wr Pruwhq Kyllg/ Duylg Qlovvrq dqg Fkulvwldq Vfkxow} iru frpphqwv dqg
glvfxvvlrqv1 Wkh xvxdo glvfodlphu dssolhv1 	

Wudqvsduhqf| kdv iru d orqj wlph ehhq d ex}}zrug lq frqvxphu surwhfwlrq dqg/ lq
vrph mxulvglfwlrqv/ hyhq lq dqwlwuxvw hqirufhphqw ru frpshwlwlrq srolf|1 Krzhyhu/
dv zlwk pdq| rwkhu srvlwlyho| fkdujhg ex}}zrugv/ lw lv qhlwkhu fohdu h{dfwo| zkdw
lw phdqv/ qru zkhwkhu lw dozd|v uhsuhvhqwv vrphwklqj srvlwlyh1 Lpsuryhg pdunhw
wudqvsduhqf| lv sxusruwhgo| lqwhqghg wr dvvlvw frqvxphuv lq frpsdulqj vxevwlwxwh
jrrgv ru vhuylfhv dqg wkhlu sulfhv1 Vhhq lq lvrodwlrq/ wklv vkrxog lqwhqvli| frp0
shwlwlrq e| pdnlqj frqvxphuv uhdfw pruh wr shufhlyhg gl￿huhqfhv lq wkh pl{ ri
sulfh dqg fkdudfwhulvwlfv1 Lq uhodwlyho| iudjphqwhg vhdufk pdunhwv/ wklv lv olnho|
wr kdyh pdlqo| srvlwlyh h￿hfwv1
Krzhyhu/ lw jhqhudoo| vhhpv kdug wr lpsuryh lqirupdwlrq wr fxvwrphuv zlwkrxw
dw wkh vdph wlph d￿hfwlqj wkh lqirupdwlrq dqg2ru vwudwhjlf lqfhqwlyhv ri ￿upv1 Lq
roljrsrolvwlf pdunhwv/ surgxfhuv frxog ehqh￿w iurp lpsuryhg pdunhw wudqvsduhqf|
lq dw ohdvw wzr zd|v= Gluhfwo|/ e| hqdeolqj ghwhfwlrq ri ghyldwlrqv iurp d wdflwo|
frooxvlyh djuhhphqw vrrqhu dqg zlwk juhdwhu suhflvlrq14 Lqgluhfwo|/ e| pdnlqj wkh
srvvleoh sxqlvkphqw iroorzlqj d ghyldwlrq pruh vhyhuh vlqfh frqvxphuv uhdfw pruh
wr shufhlyhg gl￿huhqfhv lq wkh pl{ ri sulfh dqg fkdudfwhulvwlfv dfurvv surgxfwv1
Khxulvwlfdoo|/ wkh odwwhu zruvhqv wkh frqvhtxhqfhv ri wuljjhulqj d sulfh zdu/ khqfh/
pljkw ghwhu wkh ghyldwlrq lq wkh ￿uvw sodfh1
Wkdw lpsuryhg wudqvsduhqf| lqyroyhv d ixqgdphqwdo wudgh0r￿ lv zhoo nqrzq
wr +vrph, dqwlwuxvw hqirufhphqw djhqflhv1 Lq d vhw ri vwdwhphqwv rq dqwlwuxvw hq0
irufhphqw srolf| lq khdowk fduh/ wkh XV Ghsduwphqw ri Mxvwlfh dqg Ihghudo Wudgh
Frpplvvlrq qrwh wkdw pdunhw vxuyh|v pd| eh xvhg e| surylghuv wr vhw pruh frp0
shwlwlyh sulfhv dqg e| sxufkdvhuv wr pdnh pruh lqiruphg ex|lqj ghflvlrqv/ exw
wkdw zlwkrxw dssursuldwh vdihjxdugv lqirupdwlrq h{fkdqjhv dprqj frpshwlwruv
￿111 pd| idflolwdwh frooxvlrq ru rwkhuzlvh uhgxfh frpshwlwlrq rq sulfhv ru frpshq0
vdwlrq/ uhvxowlqj lq lqfuhdvhg sulfhv/ ru uhgxfhg txdolw| dqg dydlodelolw| ri khdowk
fduh vhuylfhv￿ +kwws=22zzz1iwf1jry2uhsruwv2kowk6v1kwp,1
Frqvxphu surwhfwlrqlvwv kdyh d ohvv edodqfhg ylhz=5 Wkruhool dqg Wkruhool
4Wklv/ ri frxuvh/ lv sduw ri wkh ￿ironoruh￿ ri Lqgxvwuldo Rujdql}dwlrq1 Iru glvfxvvlrqv ri vhfuhw
sulfh0fxwwlqj/ ghwhfwlrq odjv/ dqg oxps| rughuv/ vhh wkh vhplqdo sdshu e| Vwljohu +4<97, dqg/
pruh uhfhqwo|/ Wluroh +4<;;/ fk1 9,/ Vfkhuhu dqg Urvv +4<<3/ fk1 :0;,/ dqg Fduowrq dqg Shuor￿
+4<<7/ fk1 90:,1 Iru d fdvh vwxg| ri wkh uhodwlrqvkls ehwzhhq lpsuryhg lqirupdwlrq rq wkh ￿up
vlgh dqg wdflw frooxvlrq/ frqvxow rxu sdshu rq ￿jryhuqphqw0dvvlvwhg￿ roljrsro| frruglqdwlrq lq
wkh pdunhw iru uhdg|0pl{hg frqfuhwh lq Ghqpdun +DoeØn/ Pßoojddug dqg Ryhujddug +4<<:,,1
Nohpshuhu +5333, surylghv d wkrxjkw0suryrnlqj glvfxvvlrq ri sulfh wudqvsduhqf| lq wkh frqwh{w ri
dxfwlrq wkhru| dssolhg wr lqwhuqhw0vdohv yhuvxv ghdohu0vdohv ri fduv1 Kh dujxhv wkdw lqwhuqhw0vdohv
duh olnh frooxvlrq0surqh vhfrqg0sulfh dxfwlrqv/ zkloh ghdohu0vdohv duh pruh olnh qrq0wudqvsduhqw
￿uvw0sulfh dxfwlrqv qrw doorzlqj ghdohuv wr lqihu ulydov* vhfuhw sulfh fxwv1
5Wkh vshfldo lvvxh ri wkh 4<<404<<5 Mrxuqdo ri Frqvxphu Srolf| +Yro1 47+6,, rq wkh cohjdo
5+4<::/ s1 4, wkxv vwdwh wkdw ￿^l‘qiruphg frqvxphuv duh surwhfwhg frqvxphuv ￿
pruh wkdq wkdw/ wkh| duh olehudwhg frqvxphuv1￿ Wkh| jr rq wr uhfrpphqg wkh
fuhdwlrq ri jryhuqphqw vsrqvruhg frqvxphu lqirupdwlrq +FL, surjudpphv/ lq0
foxglqj frpsdudwlyh whvwlqj fduulhg rxw e| h1j1 wkh Frqvxphu Xqlrq*v Frqvxphu
Uhsruwv +Rqolqh,6 lq wkh X1V1 dqg wkh fuhdwlrq ri lqwhjudwhg lqirupdwlyh odehoolqj
+LO, dqg txdolw| fhuwl￿fdwlrq +TF, surjudpphv jlylqj wkh frqvxphu srlqw0ri0
sxufkdvh lqirupdwlrq doorzlqj klp wr frpsduh wkh txdolwlwlhv ri wkh surgxfwv dw
kdqg1
Frqvxphu Uhsruwv lv d uhsuhvhqwdwlyh h{dpsoh ri FL surjudpphv iru qxphu0
rxv jrrgv= wuhdgploov/ orqj0glvwdqfh whohskrqh vhuylfhv/ fhoo0skrqh vhuylfhv/ krph0
wkhdwhu kdugzduh/ hwf1 Uhfhqw lqqrydwlrqv lqfoxgh dq lqwhudfwlyh Dxwr Lqvxudqfh
Sulfh Vhuylfh wkdw ohwv wkh frqvxphu frpsduh xs wr 4<3 srolflhv edvhg rq lqiru0
pdwlrq surylghg e| wkh frqvxphu1 Wkh frqvxphu zloo wkhq jhw d shuvrqdo uhsruw
wkdw olvwv dv pdq| dv 58 ri wkh orzhvw sulfhg srolflhv doorzlqj khu wr frpsduh dqg
fkrrvh wkh ehvw ghdo1
Rq wkh rwkhu vlgh ri wkh Dwodqwlf/ wkh XN Gluhfwru Jhqhudo ri wkh R!fh
ri Idlu Wudglqj kdv vxuyh|hg sulydwh khdowk lqvxudqfh vfkhphv/ frqfoxglqj wkdw
lqvxudqfh srolflhv duh frpsoh{ dqg wkdw fryhudjh ydulhv ￿111 pdnlqj lw gl!fxow
￿ li qrw lpsrvvleoh ￿ iru wkrvh rxwvlgh wkh lqgxvwu| wr frpsduh srolflhv lq whupv
ri ydoxh iru prqh|1￿ Wkh Gluhfwru Jhqhudo uhfrpphqgv wkdw ￿111 lqvxuhuv frxog
dqg vkrxog gr pruh wr idflolwdwh hdvlhu frpsdulvrq ehwzhhq srolflhv lq d jlyhq
pdunhw/ e| gudzlqj xs cehqfkpdun* surgxfwv edvhg rq d frpprq vhw ri whupv
dqg frqglwlrqv￿ +RIW +4<<9,,1
Lq Jhupdq| wkh Ihghudo Frxuw kdv zulwwhq d wudqvsduhqf| reoljdwlrq lqwr wkh
idluqhvv whvw uhjxodwlqj whupv ri frqwudfw1 Lq uhjdug wr wklv/ Uhlfk +4<<4/ s1 5:4,
qrwhv wkdw
￿^W‘udqvsduhqf| vhuyhv d grxeoh remhfwlyh= Wr lpsuryh wkh srvl0
wlrq ri wkh lqglylgxdo frqvxphu ylv0ª0ylv wkh vxssolhu/ dqg wr lqfuhdvh
frpshwlwlrq lq d pruh wudqvsduhqw pdunhw1￿
Olnhzlvh/ wkh Gdqlvk Frqvxphu Frxqflo +GFF, fdoov iru lpsuryhg pdunhw
wudqvsduhqf| lq d zlgh ydulhw| ri fdvhv= Lq wkh pdunhw iru shqvlrq vfkhphv/ wkh
sklorvrsk| ri frqvxphu surwhfwlrq* fohduo| vkrzv wkdw lqirupdwlrq lv vhhq dv wkh ￿111 sulph
lqvwuxphqw iru lpsurylqj frqvxphu dxwrqrp|/ dqg khqfh wkh srvlwlrq ri wkh frqvxphu lq ohjdo/
prvwo| frqwudfwxdo uhodwlrqv1 Iuhhgrp ri frqwudfw kdg wr eh uhlqvwdoohg lq idyrxu ri wkh frqvxphu/
wkhuhe| doorzlqj dq rswlpdo doorfdwlrq ri uhvrxufhv 111￿ +Uhlfk/ 4<<4/ s1 58;,1 Uhlfk dovr fodlpv
+s1 59:, wkdw ￿^l‘qirupdwlrq0w|sh uhjxodwlrqv kdyh suryhg wr eh yhu| urexvw djdlqvw dq| w|sh ri
fulwlflvp1￿
6Wkh plvvlrq ri zklfk lv cWhvw/ Lqirup dqg Surwhfw* +zzz1frqvxphuuhsruwv1ruj,1
6GFF uhfrpphqgv wkdw frqvxphuv vkrxog eh hqdeohg wr pdnh pruh lqiruphg
fkrlfhv e| lqfuhdvlqj wudqvsduhqf| dqg idflolwdwlqj frpsdulvrq ri nh| qxpehuv/
srvvleo| yld d pdqgdwhg fkdqjh lq wkh dffrxqwlqj sudfwlfhv ri wkh shqvlrq ixqgv
+GFF +4<<:,,1 Olnh wkh Frqvxphu Uhsruwv/ wkh GFF dovr sxeolvkhv dq dqqxdo
jxlgh wr fdu lqvxudqfhv zklfk ￿111 uhyhdov wkdw wkhuh pd| eh odujh gl￿huhqfhv lq
sulfhv ehwzhhq fdu lqvxudqfh srolflhv zlwk urxjko| wkh vdph fryhudjh/ dqg wkdw
pdq| prwrulvwv zrxog eh deoh wr vdyh wkrxvdqgv ri nurqhu ^GNN‘ dqg2ru rewdlq
d ehwwhu fryhudjh e| fkdqjlqj fdu lqvxudqfh1 Wkh jxlgh vxuyh|v sulfhv dqg whupv
ri fdu lqvxudqfhv/ vr wkdw wkh frqvxphu pd| ohlvxuho| ￿qg wkh fdu lqvxudqfh zlwk
wkh ehvw fryhudjh dw wkh fkhdshvw sulfh￿ +GFF +4<<<,,/ rxu wudqvodwlrq,1
Iroorzlqj d orqj wudglwlrq ri xvlqj wudqvsduhqf| dv wkh pdlq lqvwuxphqw ri
frpshwlwlrq srolf|/7 odwho| wkh Gdqlvk Jryhuqphqw kdv erogo| dvvhuwhg wkdw ￿111
wkh prvw h￿hfwlyh phdqv ri jhqhudwlqj lqwhqvlyh frpshwlwlrq lv 111 riwhq qrw wkh
frqfuhwh phdvxuhv ri wkh frpshwlwlrq dxwkrulwlhv/ exw wr jlyh frqvxphuv lqirupd0
wlrq/ vr wkdw wkh| pd| fkrrvh wkh ehvw dqg fkhdshvw surgxfwv￿ +Gdqlvk Plqlvwu|
ri Wudgh dqg Lqgxvwu| +4<<</ s1 <,/ rxu wudqvodwlrq,1 Wr wklv hqg/ lw kdv sursrvhg
pruh sulfh vxuyh|v dqg wkh hvwdeolvkphqw ri d zhe0edvhg frqvxphu gdwd edqn lq
zklfk ￿upv +dqg rwkhuv, pd| hqwhu uholdeoh dqg fhuwl￿deoh pdwhuldo18
Wkh xsvkrw lv wkdw frqixvlrq uhpdlqv dv wr zkhwkhu pdunhw wudqvsduhqf| lv d
eohvvlqj ru qrw1 Wkh wudglwlrqdo dqwlwuxvw sdudgljp +odujho| vxssruwhg e| prghuq
Lqgxvwuldo Rujdql}dwlrq9, krogv wkdw lw lv qrw= Lqirupdwlrq h{fkdqjh lv loohjdo vlqfh
lw holplqdwhv wkh vfrsh iru klgghq frpshwlwlrq +yl}1 vhfuhw sulfh fxwwlqj, zklfk
lv hvvhqwldo iru roljrsrolvwlf pdunhwv wr eh wuxho| frpshwlwlyh1 Wkh wudglwlrqdo
frqvxphu surwhfwlrq ylhz lv wkdw pdunhw wudqvsduhqf| lv qhfhvvdu| iru frqvxphuv
wr eh deoh wr pdnh lqiruphg fkrlfhv/ rwkhuzlvh ￿upv zrxog wkulyh rq h{sorlwlqj
xqlqiruphg frqvxphuv1 Ghvslwh wkh idfw wkdw wudqvsduhqf| pd| phdq gl￿huhqw
wklqjv lq gl￿huhqw vhwwlqjv/ rq d sulrul jurxqgv erwk ylhzv vhhp wr kdyh vrph
phulw1 Krzhyhu/ wkh odwwhu kdv uhfhlyhg rqo| vfdqw dwwhqwlrq lq wkh wkhruhwlfdo
olwhudwxuh/ dqg wklv sdshuv dlpv wr vwduw ￿oolqj wklv yrlg1:
Dv d jhqhudo pdwwhu/ lw zrxog eh lqwhuhvwlqj wr vwxg| krz wkh wzr irufhv ￿
7Vhh h1j1 DoeØn/ Pßoojddug dqg Ryhujddug +4<<9, dqg +4<<;, iru uhfhqw vxuyh|v ri wkh xqltxh
Gdqlvk wudglwlrq1
8Lq sudfwlfh wklv frxog suryh wr eh d jryhuqphqw0dvvlvwhg dqg/ wkxv shukdsv/ fuhgleoh lqiru0
pdwlrq h{fkdqjh ehwzhhq roljrsrolvwv$
9Vhh DoeØn/ Pßoojddug dqg Ryhujddug +4<<9, dqg wkh uhihuhqfhv lq qrwh 4 deryh1
:Ri frxuvh/ wkh odujh olwhudwxuh rq vhdufk pdunhwv pljkw eh lqwhusuhwhg dv fdswxulqj wklv
ylhz1 Li rqo| vhdufk frvwv frxog eh eurxjkw grzq/ pdunhwv pljkw ixqfwlrq pruh h!flhqwo|1
Vr/ li lpsuryhg wudqvsduhqf| lv v|qrq|prxv zlwk ghfuhdvhg vhdufk frvwv/ wkhq wkh frqvxphu
surwhfwlrq ylhz lv irupdol}hg lq wkh h{lvwlqj olwhudwxuh1 Krzhyhu/ rxu irfxv khuh lv rq wkh vfrsh
iru wdflw frooxvlrq dqg krz lw ydulhv zlwk wkh lqirupdwlrq dydlodeoh wr frqvxphuv1 Wklv g|qdplf
shuvshfwlyh lv qrw uhdglo| fdswxuhg e| wkh olwhudwxuh rq vhdufk pdunhwv1
7lqiruphg vhoohuv yv1 lqiruphg ex|huv ￿ sod| rxw lq htxloleulxp ri d ixoo| vshfl￿hg
jdph/ wkdw lv/ zkhwkhu wudqvsduhqf| lv xqdpeljxrxvo| d eohvvlqj1 Lq wkh suhvhqw
sdshu zh surylgh vrph sduwldo dqzhuv wr wklv txhvwlrq1 Wdnlqj iru judqwhg wkdw
lpsuryhg lqirupdwlrq  rzv ehwzhhq ￿upv zloo whqg wr idflolwdwh frooxvlrq/ zh irfxv
hqwluho| rq lpsuryhg lqirupdwlrq  rzv rq wkh frqvxphu vlgh dqg wkh lqgluhfw
h￿hfw rq ￿upv dooxghg wr deryh1 Ilupv duh ixoo| lqiruphg wkurxjkrxw/ lq wkh
vhqvh wkdw wkh| revhuyh hdfk rwkhuv sulfhv +dqg rwkhu uhohydqw fkdudfwhulvwlfv,
shuihfwo| dw wkh hqg ri hdfk shulrg/ khqfh/ wkh gluhfw h￿hfw lv vxssuhvvhg1 Zh
wkxv vwxg| zkhwkhu wkh frqvxphu surwhfwlrq ylhz 0 wkdw lpsuryhg lqirupdwlrq
rq wkh frqvxphu vlgh whqgv wr lqwhqvli| frpshwlwlrq 0 lv eruq rxw lq d surshuo|
vshfl￿hg prgho1
Zh prgho lpsuryhg pdunhw wudqvsduhqf| rq wkh frqvxphu vlgh dv lqfuhdvhg
frpsdudelolw| ri wkh txdolw| ru fkdudfwhulvwlfv ri jrrgv dqg vhuylfhv +lqvxudqfh
srolflhv surylgh d jrrg h{dpsoh,1 Lq wklv vhwwlqj lw wxuqv rxw wkdw pdunhw wudqv0
sduhqf| pd| eh d pl{hg eohvvlqj$ Zh vkrz wkdw lpsuryhg wudqvsduhqf| fdq
d￿hfw wkh vfrsh iru frooxvlrq lq d qrq0prqrwrqh zd|= Lpsuryhg wudqvsduhqf|
pd| zhoo pdnh frqvxphuv vzlwfk pruh hdvlo| iurp rqh vxssolhu wr dqrwkhu1 Wklv
kdv wkh h￿hfw ri lqfuhdvlqj wkh +vwdwlf, whpswdwlrq ri lqglylgxdo ￿upv wr ghyldwh
iurp wdflwo| djuhhg kljk sulfhv/ exw dw wkh vdph wlph wkh srvvleoh ixwxuh sxqlvk0
phqw ehfrphv pruh vhyhuh1 Li wkh remhfwlyh ri frqvxphu surwhfwlrq dqg dqwlwuxvw
srolf| lv wr pdnh wdflw frooxvlrq dv gl!fxow wr vxvwdlq dv srvvleoh/ zh ￿qg wkdw
wkh ￿rswlpdo ghjuhh ri wudqvsduhqf|￿ pd| qrw eh shuihfw wudqvsduhqf|/ xqohvv
wkh roljrsrolvwv pd| uho| rq vrsklvwlfdwhg/ rswlpdo sxqlvkphqw vwudwhjlhv1 Iru
d ￿vpdoo￿ qxpehu ri ￿upv/ wkh rswlpdo ghjuhh ri wudqvsduhqf| lv lqfuhdvlqj lq
wkh qxpehu ri ￿upv/ zkloh li wkh qxpehu ri ￿upv lv ￿vx!flhqwo| odujh￿/ shuihfw
wudqvsduhqf| lv rswlpdo1;
Dv vxjjhvwhg deryh/ wkh olwhudwxuh rq wkh lqwhudfwlrq ehwzhhq lqirupdwlrq
dqg wkh vfrsh iru wdflw frooxvlrq kdv irfxvhg doprvw h{foxvlyho| rq lqirupdwlrq
h{fkdqjh ehwzhhq ￿upv1 Dq h{fhswlrq lv d uhfhqw sdshu e| Qlovvrq +4<<<,1 Lq
dq dgdswhg yhuvlrq ri wkh sulfh0vhdufk prghov ri Exughww dqg Mxgg +4<;6, dqg
Ihuvkwpdq dqg Ilvkpdq +4<<5,/< lw lv vkrzq krz d ghfuhdvh lq vhdufk frvwv vkliwv
wkh sulfh glvwulexwlrq grzq lq d vwdwlf vhwwlqj/ zkhuhdv wkh uhodwlrqvkls ehwzhhq
vhdufk frvwv dqg wkh vfrsh iru wdflw frooxvlrq lv dpeljxrxv lq d g|qdplf vhwwlqj1
;Wkurxjkrxw wklv sdshu/ rswlpdolw| lv gh￿qhg zlwk uhvshfw wr wkh +dgplwwhgo|/ olplwhg, re0
mhfwlyh ri pdnlqj krul}rqwdo frooxvlrq dv gl!fxow dv srvvleoh1 Ri frxuvh/ wklv remhfwlyh lv ghulyhg
iurp vrph kljkhu0rughu frqfhuq iru h!flhqf| ru frqvxphu zhoiduh1
<D frqwlqxxp ri frqvxphuv zlwk xqlw ghpdqgv dqg lghqwlfdo uhvhuyh sulfhv duh vhuyhg e| wzr
sulfh0vhwwlqj ￿upv zlwk krprjhqrxv jrrgv1 Vrph frqvxphuv kdyh }hur vhdufk frvwv/ zkloh rwkhuv
kdyh vwulfwo| srvlwlyh vhdufk frvwv1 Doo frqvxphuv revhuyh rqh sulfh iru iuhh dqg pd| ghflgh wr
vhdufk iru wkh rwkhu1
8Li ghfuhdvhv lq vhdufk frvwv duh lqwhusuhwhg dv wkh uhvxowv ri h￿ruwv e| jryhuqphqw
djhqflhv wr lpsuryh pdunhw wudqvsduhqf| iurp wkh srlqw ri ylhz ri frqvxphuv/
wkhq wkh uhodwlrqvkls ehwzhhq wudqvsduhqf| dqg wkh vfrsh iru gxrsro|0frooxvlrq
pd| eh dpeljxrxv2qrq0prqrwrqh1 Wkh fulwlfdo wudgh0r￿ uhvhpeohv rxu= wkh vwdwlf
lqfhqwlyh wr xqghufxw lqfuhdvhv/ zkloh wkh srvvleoh sxqlvkphqwv ehfrph pruh
vhyhuh dv vhdufk frvwv duh eurxjkw grzq1
Wkh rxwolqh ri wkh sdshu lv dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh edvlf wudgh0
r￿v dqg wkh pdlq srlqw ri wklv sdshu dw d jhqhudo dqg devwudfw ohyho1 Vhfwlrq 6
h{hpsol￿hv e| xvlqj d ixoo| vshfl￿hg/ dqg doprvw vwdqgdug/ roljrsro| prgho1 Zh
￿uvw vhw0xs d vwdwlf gxrsro| prgho wkdw fdswxuhv wkh uroh ri wudqvsduhqf| lq d
qdwxudo dqg vlpsoh zd|1 Wkhq zh ghwdlo wkh vwudwhjlf prwlyhv dqg lqfhqwlyhv ri
wkh ￿upv dqg krz wkh| ydu| zlwk wkh phdvxuh ri wudqvsduhqf|1 Qh{w/ zh vwxg|
wkh g|qdplf/ lq￿qlwho| uhshdwhg jdph e| ￿uvw irfxvlqj rq Qdvk0wuljjhu vwudwhjlhv
dqg vxevhtxhqwo| rq rswlpdo shqdo frghv ªo dDeuhx +vhh Deuhx +4<;9/ 4<;;,,1
Ilqdoo|/ wr vwxg| wkh lqwhudfwlrq ehwzhhq wkh phdvxuh ri wudqvsduhqf| dqg wkh
qxpehu ri ￿upv/ zh jhqhudol}h wkh gxrsro| prgho wr dq q0￿up roljrsro|1 Vhfwlrq
7 frqwdlqv d ihz frqfoxglqj uhpdunv1 Vrph surriv duh lq wkh Dsshqgl{/ dowkrxjk
zh nhhs forvh wr wkh h{lvwlqj olwhudwxuh dqg uhihu wkh uhdghu wr wkh uhohydqw sdshuv
iru pruh irupdo ghwdlov1
 
Wkh pdlq gulylqj irufhv ri rxu uhvxowv duh wkh iroorzlqj= Rq wkh rqh kdqg/ dq
lpsuryhphqw lq frqvxphu lqirupdwlrq pljkw eh h{shfwhg wr lqfuhdvh lqglylg0
xdo ￿up lqfhqwlyhv wr fkhdw rq wdflwo| djuhhg +kljk, sulfhv1 Wkh pruh lqiruphg
frqvxphuv duh/ wkh pruh vhqvlwlyh wr rzq0sulfh fkdqjhv lv wkh lqglylgxdo ￿up*v
ghpdqg1 Vr/ lq d vwdwlf/ rqh0vkrw jdph/ lqfuhdvhg wudqvsduhqf| vkrxog lqwhqvli|
sulfh frpshwlwlrq dqg orzhu wkh uhvxowlqj htxloleulxp sulfhv1 Rq wkh rwkhu kdqg/
lpsuryhg frqvxphu lqirupdwlrq zrxog dovr whqg wr ghfuhdvh wkh orzhu erxqg rq
frqwlqxdwlrq0sd|r￿v lq vxejdph shuihfw htxloleuld> khqfh/ +fuhgleoh, sxqlvkphqwv
ehfrph pruh vhyhuh1 Vr/ wkurxjk wklv h￿hfw/ wdflw frooxvlrq lq d g|qdplf jdph
pd| eh vdlg wr eh idflolwdwhg e| lqfuhdvhg wudqvsduhqf|1 Wkh ryhudoo frqfoxvlrqv/
wkxv/ wxuq rq wkh wudgh0r￿ ehwzhhq wkh lqfuhdvhg rqh0shulrg jdlq iurp uhqhjlqj
dqg wkh lqfuhdvhg vhyhulw| ri sxqlvkphqwv1
Wkh pdlq lghd pd| eh h{sodlqhg txlwh jhqhudoo| zlwkrxw uhfrxuvh wr d ixoo|
vshfl￿hg vwdjh0jdph1 Frqvlghu d v|pphwulf sulfh0vhwwlqj roljrsro| zlwk q ￿upv/
dqg ohw w 5 ^3>4‘ eh wkh phdvxuh ri pdunhw wudqvsduhqf|1 Li w @3 / wkhq wkh
pdunhw lv vdlg wr eh frpsohwho| qrq0wudqvsduhqw/ dqg hdfk frqvxphu lv ixoo| orfnhg
lq wr d sduwlfxodu ￿up/ dv li kh grhv qrw nqrz wkh h{lvwhqfh ri wkh rwkhu ￿upv1
9H￿hfwlyho|/ wklv lv wkh fdvh ri q orfdo prqrsrolhv/ vlqfh wkh fxvwrphuv ri rqh ￿up
duh frpsohwho| xquhvsrqvlyh wr wkh sulfhv ri wkh rwkhu ￿upv1 Li w @4 /w k h qw k h
pdunhw lv vdlg wr eh shuihfwo| wudqvsduhqw1L qw k l vf d v hl wl vd vl iw k hj rrg vr ￿ h u h ge |
wkh q ￿upv duh shuihfw vxevwlwxwhv/ wkh frqvxphuv nqrz wklv/ dqg revhuyh doo sulfhv
ehiruh vkrsslqj +yl}1 vrphwklqj forvh wr wkh vwdqgdug Ehuwudqg0prgho,1 Vxssrvh
wkdw iru d jlyhq w/ wkh vwdjh0jdph kdv d xqltxh Qdvk Htxloleulxp zlwk dvvrfldwhg
sd|r￿v ￿￿
￿ +w,@￿￿
2 +w,@=== @ ￿￿
? +w,@￿￿+w,1 Lq pruh vshfl￿f h{dpsohv/
￿￿+w, pljkw qdwxudoo| eh dvvxphg wr eh vwulfwo| ghfuhdvlqj lq w/ fdswxulqj wkdw
sulfh frpshwlwlrq ehfrphv pruh lqwhqvh wkh pruh wudqvsduhqw lv wkh pdunhw iurp
wkh srlqw ri ylhz ri wkh frqvxphuv1 Li wkh ￿upv zhuh wr frooxgh lq wkhlu sulfh
vhwwlqj/ wkhq sur￿wv duh ￿￿
￿ +w, @ ￿￿
2 +w, @ ===@ ￿￿
?+w, @ ￿￿+w, A￿ ￿+w,/ ;wA31
Lq d vshfl￿f h{dpsoh/ zh frxog dvvxph ￿￿+w, @ ￿￿/ l1h1 frooxvlyh sd|r￿v duh
lqghshqghqw ri pdunhw wudqvsduhqf|143 Ilqdoo|/ rq wkh dvvxpswlrq wkdw wkh ulydov
doo sod| wkh frooxvlyh sulfh +dvvxphg xqltxh,/ wkhuh lv d ehvw ghyldwlrq jlylqj ulvh
wr rqh0vkrw sd|r￿v ri ￿(+w, wr wkh ghihfwru/ zkhuh ￿(+w, A￿ ￿/ ;wA31 Djdlq/
zh pljkw qdwxudoo| dvvxph wkdw ￿(+w, lv vwulfwo| lqfuhdvlqj lq w/ fdswxulqj wkdw
wkh whpswdwlrq wr ghihfw lv lqfuhdvlqj lq wudqvsduhqf|144
Zlwk wklv qrwdwlrq/ dqg rq wkh dgglwlrqdo dvvxpswlrq wkdw wkh ￿upv duh uh0
vwulfwhg wr vlpsoh Qdvk wuljjhu0vwudwhjlhv lq wkh uhshdwhg jdph/ rxu pdlq srlqw
fdq eh vwdwhg dv iroorzv= Dvvxplqj lghqwlfdo glvfrxqw idfwruv dfurvv ￿upv/ ￿/
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4 ￿ ￿
Iru frooxvlyh sulflqj lq hyhu| shulrg wr eh vxvwdlqdeoh/ wkxv/ uhtxluhv




zkhuh G+w, ￿ ￿￿ ￿￿￿+w,/+ G lv pqhprqlf iru ￿ghwhuuhqfh￿,/ dqg W+w, ￿ ￿(+w,￿
￿￿ +W lv pqhprqlf iru ￿whpswdwlrq￿,1 Wkxv/ zh jhw=
Ohppd 41
_BE|￿





43Iru pruh rq wklv/ vhh wkh qh{w vhfwlrq1
44Iohvklqj rxw wkh ghwdlov ri d shuihfwo| vwdqgdug roljrsro| prgho zlwk wkh surshuwlhv rxwolqhg
deryh lv grqh lq wkh qh{w vhfwlrq1
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Wkh Ohppd iroorzv lpphgldwho| iurp uhduudqjlqj wkh uljkw0kdqg vlgh lq ￿hodv0
wlflw| whupv1￿
Lq zrugv= wkh uhtxluhg glvfrxqw idfwru wr vxvwdlq ixoo frooxvlrq/ ￿+w,/ lv +orfdoo|,
lqfuhdvlqj +ghfuhdvlqj, lq wkh phdvxuh ri wudqvsduhqf|/ li wkh whpswdwlrq wr fkhdw
lv pruh +ohvv, vhqvlwlyh wr wudqvsduhqf| wkdq wkh ghwhuuhqfh1 Jlyhq wkh irup
ri wkh fulwlfdo glvfrxqw idfwru lq +514,/ lw lv fohduo| wrr pxfk wr krsh iru urexvw
prqrwrqlflw| uhvxowv rq wkh uhodwlrqvkls ehwzhhq wkh phdvxuh ri wudqvsduhqf| dqg
wkh fulwlfdo glvfrxqw idfwru1 Dovr qrwh wkdw lw lv qrw lpphgldwho| fohdu zkhwkhu wkh
dffrpprgdwlrq ri rswlpdo shqdo frghv pljkw fkdqjh wklv1 Vr/ zkhwkhu lqfuhdvhg
pdunhw wudqvsduhqf| idflolwdwhv ru klqghuv wdflw frooxvlrq zrxog eh h{shfwhg wr
ghshqg rq wkh ￿qh ghwdlov ri wkh pdunhw xqghu vfuxwlq|/ exw jhqhudo dqg vzhhslqj
srolf| vwdwhphqwv fhuwdlqo| vhhp xqzduudqwhg1 Dgg wr wklv grxewv frqfhuqlqj wkh
lqirupdwlrq dqg lqvwuxphqwv dydlodeoh wr srolf|0pdnhuv/ dqg lw vkrxog eh fohdu




Lq wklv vhfwlrq zh zdqw wr vkrz wkdw d voljkw uhlqwhusuhwdwlrq ri d zhoo0nqrzq dqg
shuihfwo| vwdqgdug prgho iurp wkh roljrsro| olwhudwxuh jlyhv ulvh wr dq h{dpsoh
zlwk doo wkh txdolwdwlyh ihdwxuhv dvvxphg lq Vhfwlrq 51 Edvhg rq wkh uhvxowv
rewdlqhg iru wklv prgho zh vkrz krz pdunhw wudqvsduhqf| dqg wkh vfrsh iru
frooxvlrq duh uhodwhg1 Exw ehiruh grlqj vr/ ohw xv ￿{ lghdv1
Zh ￿uvw vwxg| dq lq￿qlwho| uhshdwhg gxrsro| jdph zlwk glvfrxqwlqj dqg wkhq
frqvlghu wkh jhqhudo fdvh zlwk q ￿upv1 Wkh vwdjh0jdph lv hqwluho| vwdqgdug/ h{0
fhsw wkdw zh zdqw wr uhodwh wkh ghpdqg idflqj hdfk ￿up wr pdunhw wudqvsduhqf|1
Li wkh pdunhw lv ixoo| wudqvsduhqw/ wkh jdph vkrxog uhgxfh wr d vwdqgdug krprjh0
qrxv jrrgv Ehuwudqg0jdph1 Li wkh pdunhw lv ohvv wkdq ixoo| wudqvsduhqw/ wkh jrrgv
r￿huhg iru vdoh duh shufhlyhg e| srwhqwldo fxvwrphuv wr eh gl￿huhqwldwhg lq wkh
uhohydqw surgxfw vsdfh/ dowkrxjk wkh| duh/ lq idfw/ lqwulqvlfdoo| krprjhqhrxv145 Li
45Wkdw wkh| duh lqwulqvlfdoo| krprjhqhrxv lv xqlpsruwdqw +exw frqyhqlhqw, iru rxu dujxphqwv=
Wkh lpsruwdqw wklqj lv wkdw lqfuhdvhg wudqvsduhqf| phdqv wkdw fxvwrphuv duh ehwwhu lqiruphg
derxw wkh wuxh uhodwlyh txdolw| ri wkh jrrgv surylghg e| gl￿huhqw vxssolhuv1
;wkh pdunhw lv ￿frpsohwho| qrq0wudqvsduhqw￿/ wkhq ghpdqgv duh lqghshqghqw/ dqg
zh h￿hfwlyho| kdyh +￿orfdo￿, prqrsrolhv hdfk vhuylqj d iudfwlrq ri frqvxphuv1
Wkxv/ iru wkh gxrsro| fdvh/ wkh prgho vkrxog fdswxuh wkdw wkh ghpdqg idflqj
￿up l/ t￿+s￿>s￿>w,/ ehfrphv pruh vhqvlwlyh wr sulfh gl￿huhqfhv/ m s￿ ￿ s￿ m/d vw
lqfuhdvhv146
Wudqvdfwlrq frvw pd| eh wkh uhdvrq zk| frqvxphuv duh lpshuihfwo| lqiruphg=
Lq d uhfhqw sdshu Kdg￿hog/ Krzvh dqg Wuhelofrfn +4<<;, dujxh wkdw uhdglqj dqg
lqwhusuhwlqj wkh whupv ri d frqwudfw lv frvwo| dqg wkdw wkh olnholkrrg wkdw wkh
frqwudfw frqwdlqv wkh uhohydqw whupv pd| eh wrr vpdoo wr phulw d fduhixo frq0
wudfw uhylhz1 Frqwudfw odz kdv sduwo| uhvsrqghg wr wklv e| uhtxlulqj wkdw vhoohuv
sxw rqhurxv whupv lq sodlq odqjxdjh dqg gudz frqvxphu dwwhqwlrq wr wkhp/ li
wkh| zlvk wr uho| rq vxfk whupv1 Wkhvh uhtxluhphqwv fruuhvsrqg wr lqfuhdvlqj
rxu phdvxuh ri wudqvsduhqf|/ w1 Lq wklv zd| rxu prghoolqj fdswxuhv zkdw frq0
vxphu surwhfwlrqlvwv w|slfdoo| kdyh lq plqg zkhq wkh| dujxh lq idyru ri lqfuhdvhg
wudqvsduhqf|1 Zh vkrz wkdw lq g|qdplf/ roljrsrolvwlf pdunhwv vxfk dq lqfuhdvh
lq wudqvsduhqf| pd| edfn￿uh rq frqvxphuv1
6141 Suholplqdulhv dqg vwdwlf htxloleulxp
Iru wkh gxrsro| fdvh zh iroorz wkh ohdg ri Vshqfh +4<:9d,/ Vlqjk dqg Ylyhv +4<;7,/
dqg Ylyhv +4<;8, e| dvvxplqj wkdw lqyhuvh ghpdqgv duh ri wkh irup47
s￿ @ ￿ ￿ ￿t￿ ￿ ￿t￿ l>m @4 >5>l 9@ m +614,
zlwk ￿A3 dqg ￿A￿￿ 31 Wklv dvvxphv wkdw qrq0qhjdwlylw| frqvwudlqwv duh
qrw elqglqj1 Wkh qrq0qhjdwlylw| frqvwudlqwv zloo/ ri frxuvh/ sod| d vljql￿fdqw uroh
odwhu zkhq zh frqvlghu ghyldwlrqv iurp frooxvlyh sod| dqg sxqlvkphqw sur￿ohv1










s￿, l>m @4 >5 +615,
46Iru wkh jhqhudo fdvh zlwk ? ￿upv/ wkh ghpdqg idflqj ￿up ￿/ ^￿ER￿(R3￿c|￿/ vkrxog ehfrph
pruh vhqvlwlyh wr ￿ R￿ 3 UER3￿￿ ￿/ zkhuh R3￿ ￿ ER￿c￿￿￿cR ￿3￿cR ￿n￿c￿￿￿cR ?￿ dqg UER3￿￿ lv vrph
lqgh{ ri ulydov* sulfhv1
47Wkh vhw0xs lv ixuwkhu hoderudwhg lq Vshqfh +4<:9e,1 Lw fdq dovr eh ghulyhg iurp wkh iru0
pxodwlrq xvhg e| Vkdsoh| dqg Vkxeln +4<9<, wr glvfxvv wkh h{lvwhqfh ri htxloleuld lq Ehuwudqg0
Hgjhzruwk prghov1 Wklv uhsuhvhqwdwlrq kdv ehhq xvhg e| qxphurxv dxwkruv wr glvfxvv d udqjh
ri lvvxhv lq roljrsro| wkhru|/ vhh h1j1 Gl{lw +4<:<,/ Iulhgpdq +4<;6,/ Wluroh +4<;;/ fk1 <,/ DoeØn
+4<<3,/ Pduwlq +4<<6/ fk1 5,/ dqg Fduowrq dqg Shuor￿ +4<<7/ fk1 ;,1 Ri pruh lpphgldwh lqwhuhvw
wr xv khuh/ yduldwlrqv rq wklv irupxodwlrq kdyh ehhq xvhg e| Ghqhfnhuh +4<;6/ 4<;7,/ Odpehu0
wlql +4<<:,/ DoeØn dqg Odpehuwlql +4<<;,/ Odpehuwlql dqg Vfkxow} +4<<<,/ dqg Odpehuwlql dqg
Vdvdnl +4<<<, lq wkh vwxg| ri uhshdwhg/ gl￿huhqwldwhg roljrsro|1
48Zkhq lq wkh iroorzlqj ￿upv duh lqgh{hg ￿ dqg ￿/ lw lv dozd|v xqghuvwrrg wkdw ￿ ￿’ ￿1
<Qrwh wkdw wkh wrwdo ghpdqg idflqj wkh wzr ￿upv dv d ixqfwlrq ri wkh wzr sulfhv
lv jlyhq e|






+s￿ . s2,, +616,
Lq wkh iroorzlqj/ zh zdqw wr vshfldol}h wkh ghpdqg vhw0xs lq +615, voljkwo|1
Iluvw/ zh zdqw wr holplqdwh wkh suhihuhqfh iru ydulhw| hpehgghg lq +616, e| dv0
vxplqj ￿.￿ @4 1 Vhfrqgo|/ zh zulwh ￿ dv ￿ @ w￿/ zkhuh w 5 ^3>4,1 Lw iroorzv wkdw
￿ ￿ ￿
￿n| dqg ￿ ￿ |
￿n|149 Ilqdoo|/ ohw ￿ ￿ 4/ zklfk lv mxvw d qrupdol}dwlrq1 Wkhq w lv
rxu phdvxuh ri wudqvsduhqf|/ dqg wkh ghpdqgv +devwudfwlqj iurp qrq0qhjdwlylw|,







s￿ l>m @4 >5 +617,
Dowhuqdwlyho|/ zh frxog zulwh




Khqfh/ li wkh pdunhw lv frpsohwho| qrq0wudqvsduhqw +w @3 ,/ ghpdqg iru jrrg l
uhgxfhv wr t￿ @4￿ s￿/ zklfk lv lqghshqghqw ri s￿1 Dovr dv wkh pdunhw ehfrphv
frpsohwho| wudqvsduhqw +w $ 4,/ wkh ghpdqgv ehfrph ￿lq￿qlwho| vhqvlwlyh￿ wr
vpdoo gl￿huhqfhv ehwzhhq wkh wzr sulfhv +l1h1/ wkh vwdqgdug Ehuwudqg0olplw,1 Qrwh
ixuwkhu wkdw T+s￿>s 2, @5￿s￿￿s2 lv lqghshqghqw ri w dv uhtxluhg14: Wkdw lv/ iru
d ￿{hg sulfh yhfwru/ +s￿>s 2,/ wkh wrwdo ghpdqg iru wkh wzr jrrgv lv lqghshqghqw ri
pdunhw wudqvsduhqf|> wkhuh lv qhlwkhu suhihuhqfh qru glvsuhihuhqfh iru +shufhlyhg,
ydulhw| rq wkh sduw ri frqvxphuv1 Khxulvwlfdoo|/ wkh ghpdqgv lq +617, fdswxuh
wkdw wkh pruh wudqvsduhqw lv wkh pdunhw/ wkh forvhu vxevwlwxwhv wkh jrrgv duh
shufhlyhg wr eh e| wkh frqvxphuv1 Wklv lv d qdwxudo dqg vlpsoh zd| wr prgho
zkdw frpphqwdwruv kdyh lq plqg zkhq wkh| dujxh wkdw odfn ri wudqvsduhqf|
fuhdwhv ￿duwl￿fldo￿ surgxfw gl￿huhqwldwlrq dqg gdpshqv sulfh frpshwlwlrq +uhfdoo
wkh uhihuhqfhv dqg txrwhv lq Vhfwlrq 4,1
Wr frpsohwh wkh prgho zh dvvxph wkdw wkh wzr ￿upv vhw sulfhv vlpxowdqhrxvo|
lq hdfk urxqg ri wkh uhshdwhg jdph1 Iru vlpsolflw|/ zh devwudfw iurp frvwv ri
surgxfwlrq/ ru vlpso| vd| wkdw ￿upv kdyh FUV whfkqrorjlhv zlwk xqlw frvwv douhdg|
vxevxphg lq ￿ @4 1 Vr/ h￿hfwlyho| wkh sulfhv lq wklv sdshu duh qhw ri wkh xqlw
frvw ri surgxfwlrq1 Lq wkh iroorzlqj/ zh vkdoo doorz sulfhv lq d urxqg ri sod| wr
49Wkh uhdghu fdq hdvlo| fkhfn iru klpvhoi zkdw wklv lpsolhv iru wkh xqghuo|lqj suhihuhqfhv iurp
zklfk wkh ghpdqgv duh ghulyhg1





￿’￿ R￿ lv wkh dyhudjh sulfh1
43eh qhjdwlyh/ zklfk phuho| lpsolhv wkdw wkh| fdq eh ehorz frvw14; Txdqwlwlhv/ ri
frxuvh/ pxvw eh qrq0qhjdwlyh1
Zh vkrxog dovr vwuhvv wkdw zh duh qrw lqwhuhvwhg lq wkh lqirupdwlrq  rzv
ehwzhhq ￿upv lq wklv sdshu1 Vr/ zh mxvw dvvxph wkurxjkrxw wkdw ￿upv nqrz
hyhu|wklqj derxw hdfk rwkhu +h{fhsw/ ri frxuvh wkh ulydo*v fxuuhqw sulfh/ vlqfh zh
frqvlghu vlpxowdqhrxv sulfh vhwwlqj lq hdfk urxqg,/ dqg wkh| nqrz hyhu|wklqj
wkhuh lv wr nqrz derxw wkh frqvxphuv/ lqfoxglqj wkh ohyho ri wudqvsduhqf|1
Vwdwlf Qdvk
W k hs d | r ￿ vr i￿ u pl lq d urxqg ri sod| dv d ixqfwlrq ri wkh wzr sulfhv dqg
wkh phdvxuh ri wudqvsduhqf| duh jlyhq dv







Ljqrulqj +iru qrz, wkh qrq0qhjdwlylw| frqvwudlqwv rq txdqwlwlhv/ wkh ehvw uh0


















Zh revhuyh wkdw s￿ $ 3 dv w $ 4 +vwdqgdug Ehuwudqg, dqg s￿ $ ￿
2 dv w $ 3
+prqrsro|,1 Vr/ wkh prgho fhuwdlqo| fdswxuhv wkh lqwxlwlrq wkdw/ lq d vwdwlf vhw0
wlqj/ frpshwlwlrq ehfrphv pruh lqwhqvh dv wkh pdunhw ehfrphv pruh wudqvsduhqw1








zkhuh t￿ $ 4 dv w $ 4 dqg t￿ $ ￿
2 dv w $ 31 Wkh vwdwlf htxloleulxp sur￿wv duh
￿￿
￿ @ ￿￿
2 @ ￿￿+w, @
4 ￿ w
+5 ￿ w,2 +61<,
zkhuh ￿￿+w, $ 3 dv w $ 4 dqg ￿￿+w, $ ￿
e dv w $ 31 Ilqdoo|/ zh qrwh wkdw
YZ￿E|￿
Y| ? 3 dv dvvxphg gluhfwo| lq Vhfwlrq 51
4;Ehorz lw lv ghwdlohg krz wklv sod|v d uroh zkhq ￿upv sxqlvk hdfk rwkhu iroorzlqj d ghyldwlrq1
Lq dfwxdo olih/ wkhuh pd|/ ri frxuvh eh d orzhu erxqg rq sulfhv/ exw zh vkdoo vlpso| dvvxph iurp
qrz rq wkdw wklv qhyhu elqgv1 Iru pruh rq wklv/ vhh vxevhfwlrq 6161
44Frooxvlrq










. ws￿ l>m @4 >5 +6144,
d q gz hk d y h
s￿
￿ @ s￿




zklfk lv lqghshqghqw ri wkh phdvxuh ri wudqvsduhqf|1 Vlqfh frqvxphuv glvsod| qr
suhihuhqfh iru +shufhlyhg, ydulhw|/ lw iroorzv wkdw qhlwkhu wkh frooxvlyh txdqwlwlhv
qru wkh frooxvlyh sd|r￿v ghshqg rq wudqvsduhqf|/ dqg zh kdyh +t￿
￿ >t￿









Wr frpsohwh wkh ghvfulswlrq ri wkh pdlq ihdwxuhv ri wkh vwdjh0jdph dqg krz
wkh| uhodwh wr wkh phdvxuh ri wudqvsduhqf|/ zh wdnh d orrn dw wkh lqfhqwlyhv ri d
￿up wkdw h{shfwv wkh rwkhu ￿up wr vhw wkh frooxvlyh sulfh s￿ @ ￿
21 Wkurxjkrxw/
zh orrn dw wkh lqfhqwlyhv ri ￿up 4 zkhq lw h{shfwv ￿up 5 wr vhw wkh frooxvlyh
sulfh1 Gxh wr wkh v|pphwu| ri wkh vwdjh0jdph/ wkh dqdo|vlv zrxog/ ri frxuvh/
eh htxlydohqw/ li zh kdg irfxvhg rq wkh lqfhqwlyhv ri ￿up 5 lqvwhdg1 Wkxv/ zh
frqvlghu wkh ehvw uhvsrqvh ri ￿up 4 wr s2 @ ￿
21
Lw vhhpv wkdw zh kdyh douhdg| jlyhq wklv ehvw uhvsrqvh e| xvlqj +619,1 Uhfdoo/
krzhyhu/ wkdw wklv zdv suhglfdwhg rq erwk ￿upv ehlqj dfwlyh dw wkh uhvxowlqj rxw0
frph +l1h1/ vxsso|lqj vwulfwo| srvlwlyh txdqwlwlhv wr wkh pdunhw,1 Lw lv lpphgldwh
wkdw ￿up 4 pljkw ￿qg lw rswlpdo wr fkrrvh d sulfh zklfk uhqghuv ￿up 5 lqdfwlyh
jlyhq wkh sulfh s2 @ ￿
21 Wklv zrxog fhuwdlqo| eh vr lq wkh olplwlqj fdvh zkhuh
w @4 / vlqfh wklv lv mxvw wkh vwdqgdug Ehuwudqg0olplw= ￿up 4 zrxog xqghufxw ￿up
5*v sulfh ￿voljkwo|￿/ rewdlq doo ghpdqg/ dqg wkxv uhqghu ￿up 5 lqdfwlyh1 Pruh
jhqhudoo| wkhuh zloo eh nlqnv lq ￿up 4*v uhvlgxdo ghpdqg dv d ixqfwlrq ri s￿ jlyhq
s2/ dqg wklv zloo ihhg lqwr wkh ehvw uhvsrqvh1 Wklv lv glvfxvvhg e| Ghqhfnhuh +4<;6/
4<;7, dqg Odpehuwlql dqg DoeØn +4<<;,/ dqg zh uhihu wkh uhdghu wr wkhvh sdshuv
iru wkh ghwdlov1
Wkh lqyhuwhg ghpdqgv lq +617, duh suhglfdwhg rq t￿ A 3/ l @4 >51 Ilup 4*v
ghpdqg jlyhq t2 @3lv rewdlqhg iurp s￿ @4￿ ￿
￿n|t￿ dv
t￿ @ +4.w,+4 ￿ s￿, +6146,
45Wklv lv wkh ghpdqg idflqj ￿up 4/l it2 @4￿ ￿
￿3|s2 . |
￿3|s￿ ￿ 3/ wkdw lv/ li
s￿ ￿ s2 ￿
4 ￿ w
w
+4 ￿ s2, +6147,
Rq wkh rwkhu kdqg/ jlyhq s2/ t￿ gursv wr }hur li t￿ @4￿ ￿
￿3|s￿ . |
￿3|s2 ￿ 3>w k d w
lv/ li
s￿ ￿ s2 .+ 4￿ w,+4 ￿ s2, +6148,













2 ￿ s￿ ￿ ￿
2 ￿ ￿3|
2|




Xvlqj wklv wr gh￿qh wkh sd|r￿ ixqfwlrq ri ￿up 4/ lw lv lpphgldwho| fohdu wkdw
s￿ A ￿
2 . ￿3|
2 frxog qhyhu eh d ehvw uhvsrqvh/ vlqfh sulflqj rqhvhoi rxw ri wkh
pdunhw lv vwulfwo| grplqdwhg e| vrph orzhu sulfh1 Vr/ zkdw uhpdlqv lv wr frpsduh
rswlpd rq ^3> ￿
2 ￿ ￿3|




2 ‘1 Ohw s( ghqrwh wkh ehvw uhvsrqvh wr
+￿wkh ehvw ghyldwlrq iurp￿, wkh frooxvlyh sulfh dqg gh￿qh wW ￿ +6,
￿
2 ￿ 4 * 3=:61
Wkhq zh fdq vkrz wkdw ￿up 4*v ehvw uhvsrqvh wr s2 @ ￿
2 lv jlyhq dv +vhh Dsshqgl{




e li w ￿ wW
￿
2 ￿ ￿3|
2| li w ￿ wW +614:,
Zh qrwh wkh iroorzlqj ihdwxuhv ri wkh ehvw ghyldwlrq iurp frooxvlyh sod|= +4, s(
lv frqwlqxrxv lq wkh phdvxuh ri wudqvsduhqf|/ +5, s( ? ￿
2/ ;w 5 +3>4,/ +6, s( $ ￿
2
+wkh vwdqgdug Ehuwudqg0olplw, iru w $ 4/d q gs( $ ￿
2 iru w $ 31 Lw iroorzv wkdw
wkh ehvw ghyldwlrq lv qrq0prqrwrqlf lq wkh phdvxuh ri wudqvsduhqf|1 Ilqdoo|/
wkh ehvw uhvsrqvh e| ￿up 4 wr s2 @ ￿
2 uhqghuv ￿up 5 lqdfwlyh li wkh phdvxuh
ri wudqvsduhqf| lv vx!flhqwo| odujh +w ￿ wW,/ zkloh ￿up 5 uhpdlqv dfwlyh li wkh
pdunhw lv vx!flhqwo| qrq0wudqvsduhqw +w?w W,1
Wr frpsohwh wkh ghvfulswlrq dqg iru ixwxuh uhihuhqfh/ zh qrwh wkdw wkh txdqwlw|
dvvrfldwhg zlwk wkh vwdwlf ehvw uhsrqvh wr frooxvlyh sod| lv jlyhq e|
t( @
￿ 23|
eE￿3|￿ li w ￿ wW
￿n|
2| li w ￿ wW





￿SE￿3|￿ li w ￿ wW
E￿n|￿E2|3￿￿
e|2 li w ￿ wW +614;,
46zkhuh ￿(+w, $ ￿
2 iru w $ 4 dqg ￿(+w, $ ￿
e iru w $ 31 Ixuwkhupruh/ ￿(+w, lv
frqwlqxrxv lq w/d q g
YZ(E|￿
Y| A 3/ ;w 9@ wW1 Lw iroorzv wkdw ￿(+w, lv prqrwrqlfdoo|
lqfuhdvlqj lq wkh phdvxuh ri wudqvsduhqf| dv dvvxphg lq Vhfwlrq 51
Wklv hqgv rxu rxwolqh ri wkh edvlf xqghuo|lqj prgho vwuxfwxuh/ dqg zh kdyh
vkrzq krz wkh surshuwlhv ri wkh sd|r￿v ixqfwlrqv wkdw zhuh dvvxphg lq wkh de0
vwudfw vhwwlqj ri Vhfwlrq 5 iroorzv iurp d vlpsoh uhlqwhusuhwdwlrq ri d frpsohwho|
vwdqgdug roljrsro| prgho1 Pruhryhu/ zh eholhyh wkdw wklv lqwhusuhwdwlrq lv d qdw0
xudo rqh xqghu zklfk wr glvfxvv ydu|lqj ghjuhhv ri pdunhw wudqvsduhqf|1
6151 Wkh uhshdwhg jdph dqg Qdvk wkuhdwv
Lq wklv vhfwlrq zh frqvlghu wkh vfrsh iru frooxvlrq lq wkh uhshdwhg jdph1 Zh dv0
vxph wkdw wkh ￿upv duh uhvwulfwhg wr xvlqj Qdvk wuljjhu0vwudwhjlhv wr wu| wr vxvwdlq
ixoo frooxvlrq1 Zh uhfdoo iurp Vhfwlrq 5 wkdw iru ixoo frooxvlrq wr eh vxvwdlqdeoh/
lw pxvw eh wkh fdvh wkdw +514, lv ixo￿oohg1 Lq wklv prgho
G+w, @
w2











￿SE￿3|￿ li w ￿ wW
|2n|3￿







￿SE￿3|￿2 A 3 li w 5 ^3>w W,
23|
e|￿ A 3 li w 5 +wW>4,
+6155,




2 ￿ 5, * 3=:: Aw W1 Wkhq zh fdq vwdwh wkh iroorzlqj uhvxow rq wkh
uhodwlrqvkls lq +514, ehwzhhq wkh uhtxluhg glvfrxqw idfwru dqg wkh phdvxuh ri
wudqvsduhqf|1
Sursrvlwlrq 41 ￿+w, lv vwulfwo| lqfuhdvlqj lq w rq ^3>w WW,/ dwwdlqv d pd{lpxp dw
w @ wWW/ dqg lv vwulfwo| ghfuhdvlqj lq w rq +wWW>4,1
Surri1 Vhh Dsshqgl{1
Zh qrwh wkdw ￿+w, $ ￿
2 iru w $ 3/ ￿+w, $ ￿
2 iru w $ 4/d q g￿+w, A ￿
2 iru doo
w 5 +3>4,1 Lq sduwlfxodu ￿+wWW, * 3=941
47Li wkh dlp ri srolf| lv wr pdnh wdflw frooxvlrq vxvwdlqhg e| Qdvk wuljjhu0
vwudwhjlhv dv gl!fxow dv srvvleoh/ wkhq wkh rswlpdo ghjuhh ri pdunhw wudqvsduhqf|
lv wWW * 3=::1 Rqh pd| reylrxvo| grxew zkhwkhu uhjxodwruv kdyh wkh lqirupdwlrq
dqg lqwuxphqwv uhtxluhg wr ￿{ wudqvsduhqf| dw wkh rswlpdo ohyho/ exw wklv lv
eh|rqg wkh vfrsh ri wkh suhvhqw vwxg|1 Pruh lpsruwdqwo|/ zh qrwh wkdw wkh
rswlpdo ghjuhh ri wudqvsduhqf| lv lqwhulru1 Ixuwkhupruh/ wklv sduwlfxodu prgho
h{dpsoh vxjjhvwv wkdw shuihfw wudqvsduhqf| lv dfwxdoo| txlwh edg/ vlqfh wklv lv
zkhuh wkh uhtxluhg glvfrxqw idfwru wr vxvwdlq ixoo frooxvlrq lv orzhvw$
6161 Rswlpdo v|pphwulf shqdo frghv
Zh qrz wxuq rxu dwwhqwlrq wr rswlpdo v|pphwulf shqdo frghv lq wkh vhqvh ri
Deuhx +4<;9/ 4<;;,1 Zh vwloo irfxv rq wkh ehvw v|pphwulf rxwfrph iurp wkh
srlqw ri ylhz ri wkh wzr ￿upv/ zkhuh wkh| dwwhpsw wr wdflwo| frooxgh rq vkdulqj
wkh frooxvlyh sd|r￿v dv ghvfulehg deryh1 Zh vwxg| zkhwkhu wklv lv vxvwdlqdeoh e|
wkh iroorzlqj w|sh ri shqdo frgh1 Li d ghyldwlrq lv ghwhfwhg lq dq| shulrg/ wkhq
lq wkh qh{w shulrg erwk ￿upv vzlwfk wr d sxqlvkphqw sulfh s￿1 Wkhq/ li erwk
sod| s￿/ wkh ￿upv lpphgldwho| vzlwfk edfn wr frooxvlyh sod|/ wkdw lv s￿ @ ￿
21
Rwkhuzlvh/ ￿upv frqwlqxh wkh sxqlvkphqw xqwlo erwk delgh vlpxowdqhrxvo|/ diwhu
zklfk wkh| vzlwfk edfn wr s￿1 Wr pdnh vhqvh ri wklv/ zh qhhg d olwwoh ixuwkhu
qrwdwlrq/ dqg lq wklv zh iroorz Odpehuwlql dqg Vdvdnl +4<<<,/ zkr kdyh vwxglhg
rswlpdo/ v|pphwulf shqdo frghv lq d prgho zklfk lv irupdoo| htxlydohqw wr rxuv1
Iluvw/ zh qhhg wr gh￿qh wkh ehvw ghyldwlrq sd|r￿v jhqhulfdoo|1 Vr/ dvvxph
wkdw ￿up 4 h{shfwv wkh ulydo wr sod| s2 @ s1 Wkhq/ li ￿up 4 sod|v d vwdwlf ehvw
uhvsrqvh/ lw dwwdlqv sd|r￿v ￿(+s>w,1 Xvlqj rxu suhylrxv qrwdwlrq/ wklv lpsolhv
￿(+s￿>w, @ ￿(+￿
2>w, @ ￿(+w,1 Dovr/ ￿(+s￿>w, lv wkh sd|r￿ wr d ￿up wkdw sod|v
d ehvw uhvsrqvh wr s￿ lq d sxqlvkphqw shulrg1 Ohw xv ￿qdoo| ghqrwh e| ￿+s￿>w,
wkh sd|r￿v +wr hdfk ￿up, lq d sxqlvkphqw shulrg zkhuh erwk delgh1 Qrz/ iru
wkh vwudwhj| ri wkh w|sh rxwolqhg deryh wr vxvwdlq frooxvlrq/ lw pxvw qhfhvvdulo|
eh wkh fdvh wkdw wkh iroorzlqj wzr lqhtxdolwlhv duh vdwlv￿hg
￿(+s￿>w, .￿￿+s￿>w, ￿ +4.￿,￿￿ +6156,
￿(+s￿>w, . ￿￿+s￿>w, ￿ ￿+s￿>w, . ￿￿￿ +6157,
+6156, fdswxuhv wkdw rqh urxqg ri ghyldwlqj iurp frooxvlyh sod| iroorzhg e| rqh
urxqg ri delglqj e| wkh sxqlvkphqw vkrxog eh zhdno| sd|r￿0grplqdwhg e| fro0
oxvlyh sod| iru wzr urxqgv1 Vlploduo|/ +6157, fdswxuhv wkdw rqh urxqg ri ghyldwlqj
iurp wkh sxqlvkphqw iroorzhg e| rqh urxqg ri delglqj e| wkh sxqlvkphqw vkrxog
eh grplqdwhg e| rqh urxqg ri delglqj e| wkh sxqlvkphqw iroorzhg e| rqh urxqg
48ri frooxvlyh sod|1 Wrjhwkhu/ wkh| frqvwlwxwh wkh uhtxluhphqwv ri vxejdph shu0
ihfwlrq/ jlyhq wkh v|pphwulf vwudwhjlhv vshoohg rxw deryh1 Zh fdq uhzulwh wkhvh
uhtxluhphqwv dv iroorzv/
￿(+s￿>w, ￿ ￿￿ ￿ ￿+￿￿ ￿ ￿+s￿>w,, +6158,
￿(+s￿>w, ￿ ￿+s￿>w, ￿ ￿+￿￿ ￿ ￿+s￿>w,, +6159,
qrwlqj wkdw wkh uljkw0kdqg0vlghv frlqflgh1 Iroorzlqj Deuhx +4<;9,/ li wkhuh h{lvwv
d sulfh s￿+w, dqg d glvfrxqw idfwru ￿￿+w, zklfk vroyh
￿(+s￿>w, ￿ ￿￿ @ ￿￿+w,+￿￿ ￿ ￿+s￿+w,>w,, +615:,
￿(+s￿+w,>w, ￿ ￿+s￿+w,>w, @ ￿￿+w,+￿￿ ￿ ￿+s￿+w,>w,, +615;,
wkhq frooxvlrq dw s￿ lv xqvxvwdlqdeoh iru ￿?￿ ￿+w,/ zkloh wkh vlpsoh rqh0shulrg
sxqlvkphqw vshfl￿hg deryh vxvwdlqv frooxvlrq dw s￿ zkhq ￿ ￿ ￿￿+w,1 Li d vroxwlrq
h{lvwv/ zh fdq ghulyh wkh orzhu erxqg/ ￿￿+w,/ rq wkh glvfrxqw idfwru uhtxluhg
wr vxvwdlq shuihfw frooxvlrq e| Deuhx0vw|oh shqdo frghv dqg frpsduh lw zlwk wkh
fulwlfdo glvfrxqw idfwru zkhq ￿upv duh uhvwulfwhg wr Qdvk wuljjhu vwudwhjlhv/ ￿+w,1
Wkh iroorzlqj ohppd fkdudfwhul}hv wkh vroxwlrq1
Ohppd 51 Uhfdoo wkdw wW ￿ +6,
￿




















2| li w 5 ^wWWW>4‘
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2 ￿2 li w 5 ^wW>w WWW‘
|23E￿3|￿
2|23E￿3|￿ li w 5 ^wWWW>4‘
Surri1 Vhh Dsshqgl{14<
Lqvshfwlrq ri Ohppd 5 uhyhdov wkdw wkh sxqlvkphqw sulfh/ s￿+w,/ lv ghfuhdvlqj
lq w dqg qhjdwlyh iru wA2
￿1V r / 53 zkhq wkh wzr jrrgv duh shufhlyhg e| wkh
4<Vhh dovr Odpehuwlql dqg Vdvdnl +4<<<,1
53Uhfdoolqj rxu suhylrxv uhpdunv rq wkh lqwhusuhwdwlrq ri sulfhv dv qhw ri xqlw frvwv1
49frqvxphuv wr eh uhodwlyho| forvh vxevwlwxwhv/ wkh ￿sulfh zdu￿ iroorzlqj d ghyldwlrq
iurp frooxvlyh sod| fdq eh yhu| lqwhqvh/ lq wkh vhqvh wkdw sulfhv gurs ehorz xqlw
frvwv ehiruh uhwxuqlqj wr wkh frooxvlyh ohyho154 55 Xvlqj Ohppd 4/ zh fdq dovr
vwdwh wkh iroorzlqj uhvxow1
Sursrvlwlrq 51 ￿￿+w, lv frqwlqxrxv dqg prqrwrqlfdoo| lqfuhdvlqj lq w1
Zh qrwh wkdw ￿￿+w, $ ￿
e iru w $ 3/d q g￿￿+w, $ ￿
2 dv w $ 41 Khqfh/ li wkh
dlp ri srolf| lv wr pdnh wdflw frooxvlrq vxvwdlqhg e| v|pphwulf Deuhx0vw|oh shqdo
frghv dv gl!fxow dv srvvleoh/ wkhq wkh rswlpdo ghjuhh ri wudqvsduhqf| lv w @4 1L q
wklv fdvh zh wkxv frqfoxgh wkdw/ lq wkh wudgh0r￿ ehwzhhq wkh lqfuhdvhg lqfhqwlyh wr
pdnh d rqh0vkrw ghyldwlrq dqg wkh lqfuhdvhg vhyhulw| ri wkh pd{lpdo sxqlvkphqw
dv wudqvsduhqf| lqfuhdvhv/ wkh iruphu grplqdwhv/ wkxv pdnlqj shuihfw frooxvlrq
prvw gl!fxow wr vxvwdlq zkhq wkh pdunhw lv shuihfwo| wudqvsduhqw1
6171 Pxowlsoh ￿upv
Wr vwxg| dq roljrsro| zlwk q ￿ 5 ￿upv/ zh jhqhudol}h wkh lqyhuvh ghpdqgv lq
+614, iroorzlqj Vshqfh +4<:9d,156 Vr/ surylghg wkh qrq0qhjdwlylw| frqvwudlqwv duh
qrw elqglqj/ dvvxph wkdw ￿up l idfhv lqyhuvh ghpdqg ri wkh irup




dqg/ rq lqyhuvlrq/ gluhfw ghpdqgv ri wkh irup
t￿ @
4
￿ . +q ￿ 4,￿
+￿ ￿








54Iru wkrvh uhdghuv zkr zruu| wkdw rxu irupdo dujxphqwv uhtxluh ￿xquhdvrqdeo| odujh￿ qhj0
dwlyh sulfhv/ zh qrwh wkdw wkh plqlpxp sulfh +qhw ri frvwv, uhtxluhg lv R





3f￿2￿/ zklfk kdv wr eh shjjhg djdlqvw wkh qrupdol}hg lqwhufhsw h k3S ’ k ’￿ / khqfh/ h k ’￿nS1
Wkxv/ li zh wrrn vhulrxv wkdw qrplqdo lqyrlfh sulfhv pxvw eh qrq0qhjdwlyh/ wkhq zh zrxog uhtxluh
S:f￿2￿/ ru/ uhodwlyh wr wkh ￿fkrnh sulfh￿/ S
￿nS :
￿
S +dssur{lpdwho|,1 Dowhuqdwlyho|/ zh frxog/ ri
frxuvh/ dujxh wkdw qhjdwlyh sulfhv duh h￿hfwlyho| ihdvleoh> h1j1 wkurxjk iuhh vdpsohv soxv d frvwo|
jliw1
55Wkh nh| wr wkh rswlpdolw| ri wzr0skdvh sxqlvkphqwv vwudwhjlhv +Deuhx +4<;9,,/ zkhuh wkh
dfwxdo sxqlvkphqw lv rqo| iru rqh shulrg/ lv wkdw wkh sd|r￿ lq rqh shulrg fdq eh pdgh vx!flhqwo|
odujh qhjdwlyh1 Lq Deuhx*v Frxuqrw h{dpsoh wklv lv dffrpsolvkhg e| dq dvvxpswlrq wkdw pdunhw
ghpdqg lqfuhdvhv zlwkrxw erxqg dv sulfh jrhv wr }hur1 Wkxv/ zkhq xqlw frvwv duh vwulfwo| srvlwlyh/
duelwudulo| odujh qhjdwlyh sd|r￿v fdq eh dwwdlqhg lq mxvw rqh shulrg/ dqg wklv zloo zlsh rxw dq|
survshfw ri d ￿qlwh jdlq iurp ghyldwlrqv1 Lq rxu prgho/ sd|r￿v fdqqrw eh pdgh duelwudulo| odujh
qhjdwlyh e| dq| ￿qlwh sulfh/ exw/ dv rxu dujxphqwv vkrz/ vx!flhqw ghwhuuhqfh lv surylghg e|
doorzlqj qhw sulfhv wr jr wr dssur{lpdwho| 3f￿2￿1
56Djdlq/ wklv pljkw dovr eh vhhq dv d uhlqwhusuhwdwlrq ri Vkdsoh| dqg Vkxeln*v +4<9<, vhw0xs1
4:zklfk lv wkh qdwxudo jhqhudol}dwlrq ri +615, suhglfdwhg rq doo ￿upv ehlqj dfwlyh
jlyhq wkh sulfh yhfwru s @+ s￿>s 2>===>s ?,1 Qrz/ wkh wrwdo ghpdqg idflqj wkh














￿ .+ q ￿ 4,￿
+￿ ￿ s,
+6164,
zkhuh s ￿ ￿
?
S
￿￿ s￿ lv wkh dyhudjh sulfh1 Zh zdqw wr vshfldol}h wklv ghpdqg
vhw0xs voljkwo| wr pdnh vxuh wkdw lw uhgxfhv wr wkh vhw0xs lq vxevhfwlrq 614 zkhq
q @5 1 Zh uhwdlq wkh qrupdol}dwlrq ￿ @4 1 Wr vxssuhvv wkh suhihuhqfh0iru0
+shufhlyhg0,ydulhw| lq +6164, dqg iru frqvlvwhqf| zlwk wkh fdvh zkhuh q @5 /z h
dvvxph ?
qnE?3￿￿￿ @5 /w k d wl v /￿ @ ￿
?3￿+?
2 ￿ ￿,/ iru q ￿ 51 Ilqdoo|/ zh vwloo zulwh
￿ @ w￿/ zkhuh w 5 ^3>4, lv wkh phdvxuh ri wudqvsduhqf|1 Vroylqj iru ￿ dqg ￿ dv


































zkhuh wkh odwwhu lv wkh qdwxudo jhqhudol}dwlrq ri +617,1 Zh vkdoo xvh +6165, dqg
+6166, lqwhufkdqjhdeo| lq wkh iroorzlqj dv h{suhvvlrqv ri wkh ghpdqg idflqj ￿up
l dv d ixqfwlrq ri wkh sulfh yhfwru1 Xvlqj +6165,/ zh qrwh wkdw wrwdo ghpdqg fdq
eh zulwwhq dv
T+s￿>s 2>===>s ?, @
[
￿￿
t￿ @5 +4 ￿ s,
zklfk lv htxlydohqw wr wrwdo ghpdqg lq wkh gxrsro| fdvh/ wkxv/ lqghshqghqw ri w
dqg q dv uhtxluhg1
Kdylqj wkxv jhqhudol}hg wkh vhw0xs wr dffrxqw iru q ￿upv/ zh duh uhdg| wr
vwxg| wkh uhodwlrq ehwzhhq wkh qxpehu ri ￿upv/ wkh phdvxuh ri wudqvsduhqf| dqg
4;wkh vfrsh iru wdflw frooxvlrq lq wkh g|qdplf jdph1 Wr gr wklv/ zh odujho| kdyh wr
uhsolfdwh dqg vxlwdeo| h{whqg wkh pdlq dujxphqwv lq vxevhfwlrq 614 dqg 615157
Vwdwlf Qdvk













zkhuh s3￿ @+ s￿>===>s ￿3￿>s ￿n￿>===>s ?,1 Ljqrulqj wkh qrq0qhjdwlylw| frqvwudlqwv
rq txdqwlwlhv/ wkh ehvw uhvsrqvh ri ￿up l wr s3￿ lv
EU￿+s3￿, @









? ,/ duh jlyhq e|
s￿
￿ @ s￿
2 @ ===@ s￿
? @ s￿+w>q, @
4 ￿ w
5 ￿ w . +q ￿ 5,w
+6169,
Qrwh wkdw s￿+w>q, lv ghfuhdvlqj lq q dqg s￿+w>q, $ 3 dv q $4 1 Ixuwkhu/
iru hyhu| q/ s￿+w>q, $ ￿
2 iru w $ 3 dqg s￿+w>q, $ 3 iru w $ 41 Khqfh/ wkh
+vwdwlf, htxloleulxp sulfh frqyhujhv wr wkh frpshwlwlyh olplw dv hlwkhu wkh qxpehu
ri ￿upv lqfuhdvhv zlwkrxw erxqg ru wkh pdunhw ehfrphv shuihfwo| wudqvsduhqw1 Iru




T￿+w>q, @ qt￿+w>q, @
2E￿nE?32￿|￿
23|nE?32￿|￿/d q g￿￿+w>q, @ 2
? ￿
E￿3|￿E￿nE?32￿|￿
E23|nE?32￿|￿2 1 Lw iroorzv
wkdw ￿￿+w>q, lv vwulfwo| ghfuhdvlqj lq w dv srvwxodwhg lq Vhfwlrq 51
Frooxvlrq
Frooxglqj ￿upv vhw sulfhv/ +s￿
￿ >s ￿
2 >===>s ￿










2 @ ===@ s￿
? @ s￿ @
4
5
zklfk lv lqghshqghqw ri q dqg w dv uhtxluhg1 Wkh lqglylgxdo frooxvlyh txdqwl0
wlhv/ t￿+q, @ ￿
?/ dqg sur￿wv/ ￿￿+q, @ ￿
2?/ duh lqghshqghqw ri w dqg ghfuhdvlqj
57Wr hfrqrpl}h rq vsdfh/ zh rqo| frqvlghu Qdvk wuljjhu vwudwhjlhv lq wkh g|qdplf jdph1
4<lq q/ zkloh wkh wrwdo frooxvlyh rxwsxw/ T￿ @4 / dqg sur￿wv/ q￿￿+q,@￿
2/d u h
lqghshqghqw ri erwk w dqg q1
Ehvw ghyldwlrq
Wr ghulyh wkh ehvw ghyldwlrq iurp frooxvlyh sod|/ vxssrvh ￿up 4 dqwlflsdwhv
wkdw doo wkh rwkhu ￿upv vhw wkh sulfh s￿ @ ￿
21 Xvlqj +615<, dqg wkh gh￿qlwlrqv ri















+4.+q ￿4,w,+4 ￿ s￿, +616;,
Qrwh khuh wkdw e| wkh v|pphwu|/ li t￿ @3iru vrph m 9@4 /w k h qt￿ @3 / ;m 9@4 /















Wkh lqhtxdolw| fdq eh uhzulwwhq dv s￿ ￿ s￿ ￿ ￿3|




















zklfk/ xvlqj s￿ @ ￿








Vxppdul}lqj +616:, wkurxjk +6173,/ wkh ghpdqg idflqj ￿up 4/ jlyhq s￿ @ s￿ @ ￿
2/























53zklfk lv wkh qdwxudo jhqhudol}dwlrq ri +6149,1
Fohduo|/ s￿ A ￿
2 . ￿3|
2E￿nE?32￿|￿ f d qq h y h ue hde h v wu h v s r q v he |￿ u p4z k h qw k h
ulydov doo fkdujh s￿1 Zh frqvlghu sulfhv lq ^3> ￿
2￿ ￿3|





Ohw s(+w>q, ghqrwh wkh ehvw uhvsrqvh wr s￿ jlyhq wkh phdvxuh ri wudqvsduhqf|




￿?3D / q 5 Q qi 4j1W k h qz h






eE￿nE?32￿|￿ li w ￿ wW+q,
￿
2 ￿ ￿3|
2| li w ￿ wW+q,
zklfk jhqhudol}hv +614:,1 Lw lv hdvlo| yhul￿hg wkdw wW+q, lv vwulfwo| ghfuhdvlqj lq q/
zkloh wW+q, $ 2
￿ iru q $4dqg wW+5, @ +6,
￿




Qrwh dovr wkdw s(+w>q, lv frqwlqxrxv lq w/ s(+w>q, $ ￿
2 iru w $ 3/ s(+w>q, $ ￿
2
iru w $ 4/d q gs(+w>q, ? ￿
2 iru doo w 5 +3>4,1 Khqfh/ wkh ehvw ghyldwlrq lv qrq0
prqrwrqlf lq wudqvsduhqf| dovr lq wkh jhqhudo fdvh1 Ilqdoo|/ zlwk q ￿upv/ wkh
vwdwlf ehvw uhvsrqvh e| ￿up 4 wr frooxvlyh sod| uhqghuv doo wkh ulydov lqdfwlyh li
wkh pdunhw lv vx!flhqwo| wudqvsduhqw/ w ￿ wW+q,/ zkloh wkh ulydov uhpdlq dfwlyh li
w?w W+q,1




2?E￿3|￿ li w ￿ wW+q,
￿nE?3￿￿|
?| li w ￿ wW+q,




H?E￿3|￿E￿nE?32￿|￿ li w ￿ wW+q,
E￿nE?3￿￿|￿E2|3￿￿
2?|2 li w ￿ wW+q,
+6175,
zkhuh ￿(+w>q, $ ￿
2 iru w $ 4 dqg ￿(+w>q, $ ￿
2? iru w $ 31 Ixuwkhupruh/ ￿(+w>q,
lv frqwlqxrxv lq w/d q g
YZ(E|c?￿
Y| A 3/ ;w 9@ wW+q,1 Lw iroorzv wkdw ￿(+w>q,/ khqfh/ wkh
whpswdwlrq wr fkhdw/ lv prqrwrqlfdoo| lqfuhdvlqj lq wkh phdvxuh ri wudqvsduhqf|
dv dvvxphg lq Vhfwlrq 51
Wkh uhshdwhg jdph dqg Qdvk wkuhdwv
Ohw G+w>q, ￿ ￿￿+q, ￿ ￿￿+w>q, dqg W+w>q, ￿ ￿(+w>q, ￿ ￿￿+q,1 Zkhq ￿upv
duh uhvwulfwhg wr Qdvk wuljjhu0vwudwhjlhv/ ixoo frooxvlrq lv vxvwdlqdeoh li dqg rqo| li
wkh frpprq glvfrxqw idfwru vdwlv￿hv












H?E￿3|￿E￿nE?32￿|￿ li w ￿ wW+q,
E2?3￿￿|23E?3￿￿|3￿
2?|2 li w ￿ wW+q,
+6178,












H?E￿3|￿2E￿nE?32￿|￿2 A 3 li w 5 ^3>w W+q,,
23|nE?32￿|
2?|￿ A 3 li w 5 +wW+q,>4,
+617:,
Wkxv/ wkh fulwlfdo glvfrxqw idfwru/ ￿+w>q,/ lv frqwlqxrxv lq w dqg gl￿huhqwldeoh
hyhu|zkhuh h{fhsw dw w @ wW+q,1 Dv d ￿qdo slhfh ri qrwdwlrq/ ohw !+w>q, ￿ +q2 ￿
47q .5 4 ,w2 .; +q ￿ 6,w .; 1 Wkhq zh fdq vwdwh wkh iroorzlqj uhvxow1
Sursrvlwlrq 61 Ohw wWW+q, ￿ pd{iw m !+w>q, @3 j zkhqhyhu d vroxwlrq wr
!+w>q, @3h{lvwv1 Wkhq/
d, iru dq| q dqg w?w W+q,/ ￿+w>q, lv vwulfwo| lqfuhdvlqj lq w/
e, iru dq| q ￿ 9 dqg wAw W+q,/ ￿+w>q, lv vwulfwo| lqfuhdvlqj lq w/d q g
f, iru dq| q ￿ 8 dqg wAw W+q,/ ￿+w>q, lv vwulfwo| lqfuhdvlqj lq w rq ^wW+q,>w WW+q,,/
lv pd{lpl}hg dw w @ wWW+q,/ dqg lv vwulfwo| ghfuhdvlqj lq w rq +wWW+q,>4‘1
Surri1 Vhh Dsshqgl{1
Iurp wkh gh￿qlwlrq ri wWW+q,/ lw lv lpphgldwh wkdw wWW+q, ? 4 iru q @5 >6>7/
dqg wWW+8, @4 1 Khqfh/ wkh rswlpdo ghjuhh ri wudqvsduhqf| idoov vkruw ri shuihfw
wudqvsduhqf|/ li wkh qxpehu ri ￿upv lv ohvv wkdq ￿yh1 Zh fdq vxppdul}h dv
iroorzv=
Qxpehu ri ￿upv 5678 9 ===
Rswlpdo ghjuhh ri wudqvsduhqf| 3=:: 3=;5 3=; <44===
Dowhuqdwlyho|/ zh frxog sdudskudvh Vhowhq +4<:6,=
Fruroodu| 41 Iurp wkh srlqw ri ylhz ri rswlpdo pdunhw wudqvsduhqf|/ irxu ￿upv
duh ihz zkloh vl{ duh pdq|1
55Wklv odwwhu uhvxow lv ri lpphgldwh uhohydqfh iru srolf| glvfxvvlrqv1 Rq wkh
vrphzkdw khurlf dvvxpswlrq wkdw sxeolf djhqflhv kdyh wkh lqvwuxphqwv dqg lq0
irupdwlrq dydlodeoh wr ￿qh wxqh wkh ghjuhh ri wudqvsduhqf| wr dq| ghvluhg ohyho/
wkh rswlpdo ohyho ghshqgv lqwulfdwho| rq wkh ￿qh ghwdlov ri frqvxphu suhihuhqfhv
dqg wkh qxpehu ri ￿upv lq dq lqgxvwu|1 Dprqj rwkhu wklqjv/ wkh djhqf| pljkw
kdyh wr dgmxvw wkh lqvwuxphqw iroorzlqj hqwu| lqwr ru h{lw iurp dq lqgxvwu|1 Rq
wkh pruh uhdolvwlf dvvxpswlrq wkdw wkh djhqf| pljkw rqo| eh deoh wr d￿hfw d
fkdqjh lq wudqvsduhqf|> srvlwlyho| ru qhjdwlyho|/ dqg vrphzkdw lpsuhflvho|/ wkh
srolf| dgylfh lv pruh dpeljxrxv1 Zkhq wkh qxpehu ri ￿upv lq dq lqgxvwu| lv
odujh/ lqfuhdvhv lq wudqvsduhqf| duh olnho| wr pdnh wdflw frooxvlrq kdughu wr vxv0
wdlq iru wkh ￿upv1 Zkhq wkh qxpehu ri ￿upv lv vpdoo/ wkh h￿hfwv ri lqfuhdvhv lq
wudqvsduhqf| rq wkh vfrsh iru wdflw frooxvlrq duh xqfohdu1 Li pdunhw wudqvsduhqf|
lv lqlwldoo| yhu| srru/ wkhq lqfuhdvhv duh olnho| wr olplw wkh vfrsh iru roljrsrolvwlf
frruglqdwlrq/ exw li wudqvsduhqf| lv douhdg| kljk/ wkhq ixuwkhu lqfuhdvhv duh olnho|
wr idflolwdwh frooxvlrq1 Li fkdqjhv lq wudqvsduhqf| dovr d￿hfw wkh lqirupdwlrq ri
￿upv gluhfwo| +zklfk zh kdyh devwudfwhg iurp vr idu/ exw zklfk lv ihdwxuhg surpl0
qhqwo| lq prghuq wkhrulhv ri Lqgxvwuldo Rujdql}dwlrq,/ wkhq wkh dpeljxlw| lv/ ri
frxuvh/ olnho| wr eh ￿zruvh￿1
 
	 
Zh prghoohg lpsuryhg pdunhw wudqvsduhqf| dv lqfuhdvhg frpsdudelolw| ri wkh
txdolw| ru fkdudfwhulvwlfv ri jrrgv dqg vhuylfhv1 Lw wxuqhg rxw wkdw pdunhw wudqv0
sduhqf| pd| eh d pl{hg eohvvlqj$
Zh vkrzhg wkdw lpsuryhg wudqvsduhqf| fdq d￿hfw wkh vfrsh iru frooxvlrq lq
d qrq0prqrwrqh zd|= Lpsuryhg wudqvsduhqf| pd| zhoo pdnh frqvxphuv vzlwfk
pruh hdvlo| iurp rqh vxssolhu wr dqrwkhu1 Wklv kdv wkh h￿hfw ri lqfuhdvlqj wkh
vwdwlf whpswdwlrq ri lqglylgxdo ￿upv wr ghyldwh iurp wdflwo| djuhhg kljk sulfhv/
exw dw wkh vdph wlph d srvvleoh ixwxuh sxqlvkphqw ehfrphv pruh vhyhuh1 Li wkh
remhfwlyh ri frqvxphu surwhfwlrq dqg dqwlwuxvw srolf| lv wr pdnh wdflw frooxvlrq dv
gl!fxow wr vxvwdlq dv srvvleoh/ zh ￿qg wkdw wkh ￿rswlpdo ghjuhh ri wudqvsduhqf|￿
pd| qrw eh ixoo wudqvsduhqf| li ￿upv vxvwdlq frooxvlrq e| Qdvk wuljjhu vwudwhjlhv1
Krzhyhu/ li roljrsrolvwv pd| uho| rq vrsklvwlfdwhg/ rswlpdo shqdo frghv/ wkhq ixoo
wudqvsduhqf| lv/ lqghhg/ rswlpdo1
Zlwk Qdvk wuljjhu vwudwhjlhv zh ixuwkhupruh irxqg wkdw li wkh qxpehu ri
roljrsrolvwv lv ￿vpdoo￿/ wkhq wkh rswlpdo ghjuhh ri wudqvsduhqf| lqfuhdvhv zlwk
wkh qxpehu ri ￿upv/ zkloh li wkh qxpehu ri ￿upv lv ￿vx!flhqwo| odujh￿/ ixoo
wudqvsduhqf| lv dozd|v rswlpdo1
Wkxv/ wkh pdlq srolf| frqfoxvlrq lv wkdw wkh h￿hfw ri lpsurylqj wudqvsduhqf|
56ghshqgv fulwlfdoo| rq erwk wkh vwuxfwxuh ri wkh lqgxvwu| dqg wkh frqgxfw ri wkh
￿upv1 Lpsurylqj wudqvsduhqf| zloo whqg wr ghfuhdvh zhoiduh zkhq wkhq qxpehu ri
￿upv lv ￿vpdoo￿/ dqg wkh ￿upv* vwudwhjlhv duh ￿qrw wrr vrsklvwlfdwhg￿1 Iru dq| rxw0
vlghu wr dq lqgxvwu|/ vxfk dv dq dqwlwuxvw djhqf|/ lw pd| eh sduwlfxoduo| gl!fxow wr
rewdlq v|vwhpdwlf dqg dffxudwh nqrzohgjh derxw wkh vrsklvfdwlrq ri ￿up vwudwh0
jlhv1 Zh wkhuhiruh frqfoxgh wkdw surylglqj ehwwhu lqirupdwlrq wr frqvxphuv/ vr
wkdw wkh| pd| fkrrvh wkh ehvw dqg fkhdshvw surgxfwv/ pd| eh d kd}dugrxv frxuvh
iru frpshwlwlrq srolf| wr fkduw/ hvshfldoo| lq frqfhqwudwhg lqgxvwulhv1 Dgg wr
wklv wkh frqfhuqv uhodwhg wr wkh srvvleoh gluhfw h￿hfwv ri pdqgdwhg lqirupdwlrq
h{fkdqjh ruljlqdoo| udlvhg e| Vwljohu +4<97,1
57Dsshqgl{
Wkh ehvw ghyldwlrq +q @ 5,
Dv qrwhg lq wkh wh{w/ lw lv qhyhu d ehvw uhvsrqvh wr fkrrvh s￿ A ￿
2 . ￿3|
2 1
Vr/ zh qhhg rqo| frpsduh wkh rswlpd rq ^3> ￿
2 ￿ ￿3|





Li s￿ 5 ^3> ￿
2 ￿ ￿3|
2| ‘/ wkh sur￿wv ri ￿up 4 duh jlyhq dv ￿￿ @ s￿+4 . w,+4 ￿ s￿,1
Wkh xqfrqvwudlqhg pd{lpl}hu lv s￿ @ ￿
2 ￿ ￿
2 ￿ ￿3|
2| / ;w 5 ^3>4,/ dqg lw iroorzv
wkdw wkh frqvwudlqhg pd{lpl}hu lv ￿
2 ￿ ￿3|
2| / zkhuh ￿up 4 grhv mxvw vx!flhqw wr




2 ‘/ wkh sur￿wv ri ￿up
4 duh ￿￿ @ s￿+4 ￿ ￿
￿3|s￿ . |





2| li w ￿ +6,
￿
2 ￿ 4 ￿ wW1 Khqfh/ wkh frqvwudlqhg pd{lpl}hu lv 23|
e li
w ￿ wW/ dqg ￿
2 ￿ ￿3|




e li w ￿ wW
￿
2 ￿ ￿3|
2| li w ￿ wW
dv fodlphg lq wkh wh{w1 ￿
Surri ri Sursrvlwlrq 4













surylghg wkh ghulydwlyhv duh gh￿qhg1 Zh douhdg| nqrz wkdw ￿+w, lv frqwlqxrxv/
wkdw G+w, lv gl￿huhqwldeoh hyhu|zkhuh/ zkloh W+w, lv gl￿huhqwldeoh hyhu|zkhuh















￿3| li w 5 ^3>w W,
23|
|n|23￿ li w 5 +wW>4,
Qrz/ frqvlghu wkh wzr fdvhv lq wxuq1
















/ +5 ￿ w,2 W 7+4 ￿ w, / w2 W 3
Exw w2 ￿ 3/ dqg zh frqfoxgh wkdw ￿+w, lv lqfuhdvlqj lq w rq +3>w W,1


























￿ 1 Wkhq/ zh frqfoxgh wkdw ￿+w, lv lqfuhdvlqj lq w rq
+wW>w WW,/ lv pd{lpl}hg dw wWW/ dqg lv ghfuhdvlqj lq w rq +wWW>4,1
Frpelqlqj l, dqg ll, frpsohwhv wkh surri ri Sursrvlwlrq 41 ￿
S u r r ir iO h p p d5
Zh zdqw wr ￿qg wkh vroxwlrq/ +s￿+w,>￿￿+w,,/ wr wkh v|vwhp ri htxdwlrqv jlyhq
lq +6164, dqg +6/65,/ zklfk zh uhshdw khuh dv +D4, dqg +D5,
￿(+s￿>w, ￿ ￿￿ @ ￿￿+w,+￿￿ ￿ ￿+s￿+w,>w,, +D4,
￿(+s￿+w,>w, ￿ ￿+s￿+w,>w, @ ￿￿+w,+￿￿ ￿ ￿+s￿+w,>w,, +D5,
Iluvw qrwh wkdw ￿+s￿+w,>w, @ +4￿s￿+w,,s￿+w,1 Qrz/ vxssrvh ￿up 5 sod|v s1 Wkhq/








dqg wkh uhvxowlqj sd|r￿v dqg txdqwlw| ri d ghyldwlqj ￿up 4 duh
￿(+s>w,@




4 ￿w . ws
5+4 ￿ w,
+D8,
Li wkh txdqwlw| lq +D8, lv qhjdwlyh/ wkh pd{lpxp sd|r￿ wr d ghyldwlqj ￿up 4 lv
￿(+s>w, @3 +D9,






+4.w,+4 ￿s,+s ￿ +4 ￿ w,,
w2 +D:,
59Zh ￿uvw frqvlghu ghyldwlrqv iurp s￿ @ ￿





￿SE￿3|￿ li w ￿ wW
E￿n|￿E2|3￿￿
e|2 li w ￿ wW
Qh{w/ zh frqvlghu ghyldwlrqv iurp s￿+w, lq wkh sxqlvkphqw skdvh1 Zh qrwh wkdw
+D4, dqg +D5, lpphgldwho| lpso| wkdw s￿ As ￿+w,/ l1h1/ wkh sxqlvkphqw dfwxdoo|
frqvwlwxwhv d ￿sulfh zdu￿1 Zh zdqw wr dujxh wkdw ghyldwlqj lq wkh sxqlvkphqw
skdvh qhyhu pdnhv rqh*v ulydo lqdfwlyh1 Li w 5 ^3>w W‘/ wkhq/ jlyhq s￿ As ￿+w,/l wl v
vwudljkwiruzdug wr vkrz wkdw
+4 ￿ w .ws￿,2
7+4 ￿ w,
￿
+4.w,+4 ￿ s￿,+s￿ ￿ +4 ￿ w,,
w2
dqg
+4 ￿ w . ws￿+w,,2
7+4 ￿ w,
￿
+4.w,+4 ￿ s￿+w,,+s￿+w, ￿ +4 ￿ w,,
w2
Khqfh/ iru
+4 ￿ w . ws￿+w,,2
7+4 ￿ w,
?
+4.w,+4 ￿ s￿+w,,+s￿+w, ￿ +4 ￿ w,,
w2 +D;,
wr eh uhohydqw +l1h1/ gulylqj rqh*v ulydo wr lqdfwlylw|, uhtxluhv w 5 ^wW>4‘/ khqfh/
+4 ￿ w .ws￿,2
7+4 ￿ w,
?
+4.w,+4 ￿ s￿,+s￿ ￿ +4 ￿ w,,
w2 +D<,
Zh vkrz wkdw +D;, dqg +D<, duh lqfrpsdwleoh zlwk d vroxwlrq zkhuh s￿ As ￿+w,1
Wdnh ￿(+s￿>w, @
E￿n|￿E￿3R￿￿ER￿3E￿3|￿￿
|2 / ￿(+s￿+w,>w, @
E￿n|￿E￿3R￿E|￿￿ER￿E|￿3E￿3|￿￿
|2 /
￿+s￿+w,>w, @ +4 ￿ s￿+w,,s￿+w,/ ￿￿ @ +4 ￿ s￿,s￿/ dqg vroyh +D4, dqg +D5,1 +D4,
dqg +D5, lpso|
￿(+s￿>w, ￿ ￿￿ @ ￿(+s￿+w,>w, ￿ ￿+s￿+w,>w,
/ ￿(+s￿>w, ￿ ￿(+s￿+w,>w, @ ￿￿ ￿ ￿+s￿+w,>w,
zklfk fdq eh zulwwhq dv
+4.w,+4 ￿ s￿,+s￿ ￿ +4 ￿ w,,
w2 ￿
+4.w,+4 ￿ s￿+w,,+s￿+w, ￿ +4 ￿ w,,
w2
@ +4 ￿ s￿,s￿ ￿ +4 ￿ s￿+w,,s￿+w,
5:/ +4 . w,+4 ￿ s￿,+s￿ ￿ +4 ￿ w,, ￿+4 . w,+4 ￿s￿+w,,+s￿+w, ￿ +4 ￿ w,,
@ w2+4 ￿ s￿,s￿ ￿ w2+4 ￿s￿+w,,s￿+w,
/ +5 . w ￿ 5w2,+s￿ ￿ s￿+w,, ￿ +4 . w ￿ w2,++s￿,2 ￿ +s￿+w,,2,@3
/ +5 . w ￿ 5w2, ￿ +4 . w ￿w2,+s￿ . s￿+w,, @ 3
/ s￿ . s￿+w,@
5.w ￿ 5w2
4.w ￿ w2 A 4
zklfk uhtxluhv s￿+w, As ￿+@ ￿
2,1 Wklv frqwudglfwv s￿ As ￿+w,/ dqg zh frqfoxgh
wkdw d ghyldwlrq iurp wkh sxqlvkphqw skdvh fdqqrw pdnh wkh qrq0ghyldwlqj ￿up
lqdfwlyh1 Khqfh/ hlwkhu ￿(+s￿+w,>w, @3ru ￿(+s￿+w,>w, @
E￿3|n|R￿E|￿￿2
eE￿3|￿ 1 Wr vroyh
+D4, dqg +D5, zh frqvlghu wkh wzr fdvhv w 5 ^3>w W‘ dqg w 5 ^wW>4‘ lq wxuq1
l, w 5 ^3>w W‘1 Lq wklv fdvh ￿(+s￿>w, @
E23|￿2
￿SE￿3|￿1 Wkhq/ dvvxplqj EU+s￿+w,, @
￿3|
2 . |
2s￿+w, dqg ￿(+s￿+w,>w, @
E￿3|n|R￿E|￿￿2
eE￿3|￿ / zh htxdwh wkh uljkw0kdqg0vlghv ri
+D4, dqg +D5,








+4 ￿ w . ws￿+w,,2
7+4 ￿ w,
￿ +4 ￿ s￿+w,,s￿+w,
wr rewdlq




Zh qrwh wkdw EU+s￿+w,, grhv/ lqghhg/ kdyh wkh irup EU+s￿+w,, @ ￿3|
2 . |
2s￿+w,/





ll, w 5 ^wW>4‘1 Lq wklv fdvh ￿(+s￿>w, @
E￿n|￿E2|3￿￿
e|2 1 Rq wkh dvvxpswlrq wkdw
EU+s￿+w,, @ ￿3|
2 . |
2s￿+w, dqg ￿(+s￿+w,>w, @
E￿3|n|R￿E|￿￿2
eE￿3|￿ / zh htxdwh wkh uljkw0
kdqg0vlghv ri +D4, dqg +D5,







+4 ￿ w . ws￿+w,,2
7+4 ￿ w,
￿ +4 ￿ s￿+w,,s￿+w,
5;wr rewdlq s￿+w, dqg vxevwlwxwh lqwr +D4, wr rewdlq ￿￿+w,1 Zh jhw
s￿+w,@s￿ ￿







+5 ￿ w,2+w2 ￿ +4 ￿ w,,




Qrwh/ krzhyhu wkdw wkh ehvw uhvsrqvh wr wklv s￿+w, rqo| kdv wkh irup EU+s￿+w,, @
￿3|
2 . |






Lq frqwudvw/ li w 5 ^wWWW>4‘/w k h qt( @3dqg ￿(+s￿+w,>w, @3 1L qw k l vf d v hz h
vroyh






@ ￿+4 ￿ s￿+w,,s￿+w,
wr rewdlq
s￿+w, @ s￿ ￿





zklfk zh vxevwlwxwh lqwr +D4, wr jhw
￿￿+w, @
w2 ￿ +4 ￿ w,
5w2 ￿ +4 ￿ w,
+D48,
Froohfwlqj +D43, wkurxjk +D48, hvwdeolvkhv Ohppd 41 ￿
Wkh ehvw ghyldwlrq +q ￿ 5,
Zh frpsduh rswlpd rq ^3> ￿
2 ￿ ￿3|




2E￿nE?32￿|￿‘1L i s￿ 5
^3> ￿
2 ￿ ￿3|
2| ‘/ wkh sur￿wv ri ￿up 4 duh jlyhq dv ￿￿ @ s￿
2EE￿nE?3￿￿|￿
? +4 ￿ s￿,1W k h
xqfrqvwudlqhg pd{lpl}hu lv s￿ @ ￿
2 ￿ ￿
2 ￿ ￿3|
2| / ;w 5 ^3>4,/ dqg lw iroorzv wkdw
wkh frqvwudlqhg pd{lpl}hu lv ￿
2 ￿ ￿3|
2| / zkhuh ￿up 4 grhv mxvw vx!flhqw wr sulfh




2E￿nE?32￿|￿‘/ wkh sur￿wv ri ￿up























￿?3D ￿ wW+q,1 Khqfh/ wkh frqvwudlqhg pd{lpl}hu lv
23|nE?32￿|
eE￿nE?32￿| li
5<w ￿ wW+q,/d q g￿
2 ￿ ￿3|






eE￿nE?32￿|￿ li w ￿ wW+q,
￿
2 ￿ ￿3|
2| li w ￿ wW+q,
dv fodlphg lq wkh wh{w1 ￿
Surri ri Sursrvlwlrq 6




























E￿3|￿E￿nE?3￿￿|￿ li w 5 ^3>w W+q,,
23|nE?32￿|
E2?3￿￿|23E?3￿￿|3￿ li w 5 +wW+q,>4,
Qrz/ frqvlghu wkh wzr fdvhv lq wxuq1











5 ￿ w . +q ￿ 5,w
+4 ￿ w,+4.+q ￿ 4,w,
W
7
5 ￿w . +q ￿5,w
/ w2+q ￿ 4,2 W 3
Exw w ￿ 3 dqg q ￿ 5/ dqg zh frqfoxgh wkdw ￿+w, lv lqfuhdvlqj lq w rq +3>w W+q,,1











5 ￿ w . +q ￿ 5,w
+5q ￿ 6,w2 ￿ +q ￿ 6,w ￿ 4
W
7
5 ￿w . +q ￿5,w
/ +q2 ￿ 47q .5 4 ,w2 .; +q ￿ 6,w .;W 3 / !+w>q, U 3
zkhuh !+w>q, ￿ +q2 ￿ 47q .5 4 ,w2 .; +q ￿ 6,w .; 1Q r z / o h w wWW+q, ￿ pd{iw m
!+w>q, @3 ,1 Lw iroorzv wkdw wWW+q, 5 +wW+q,>4, li dqg rqo| li q 5i 5>6>7j/ khqfh/
_BE|c?￿
_| U 3 / w T wWW+q,1 Dovr/ wWW+8, @4 / dqg ￿+w>8, lv pd{lpl}hg dw w @4 =
Ilqdoo|/ iru q ￿ 9/
_BE|c?￿
_| A 3 iru doo dgplvvleoh w1
Frpelqlqj l, dqg ll, frpsohwhv wkh surri ri Sursrvlwlrq 61 ￿
63Uhihuhqfhv
Deuhx/ G1/ 4<;9/ H{wuhpdo Htxloleuld ri Roljrsrolvwlf Vxshujdphv/ Mrxuqdo ri
Hfrqrplf Wkhru| 6<= 4<405581
Deuhx/ G1/ 4<;;/ Rq wkh Wkhru| ri Lq￿qlwho| Uhshdwhg Jdphv zlwk Glvfrxqwlqj/
Hfrqrphwulfd 89= 6;606<91
DoeØn/ V1/ 4<<3/ Vwdfnhoehuj Ohdghuvkls dv d Qdwxudo Vroxwlrq Xqghu Frvw Xq0
fhuwdlqw|/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv 6;= 668067:1
DoeØn/ V1/ dqg O1 Odpehuwlql/ 4<<;/ Frooxvlrq lq Gl￿huhqwldwhg Gxrsrolhv Uhylv0
lwhg/ Hfrqrplfv Ohwwhuv 8<= 638063;1
DoeØn/ V1/ K1S1 Pßoojddug dqg S1E1 Ryhujddug/ 4<<9/ Odz0Dvvlvwhg FrooxvlrqB
Wkh Wudqvsduhqf| Sulqflsoh lq wkh Gdqlvk Frpshwlwlrq Dfw/ Hxurshdq Frpshwl0
wlrq Odz Uhylhz 4:= 66<06761
DoeØn/ V1/ K1S1 Pßoojddug dqg S1E1 Ryhujddug/ 4<<:/ Jryhuqphqw0Dvvlvwhg Roljr0
sro| FrruglqdwlrqB D Frqfuhwh Fdvh/ Mrxuqdo ri Lqgxvwuldo Hfrqrplfv 78= 75<0
7761
DoeØn/ V1/ K1S1 Pßoojddug dqg S1E1 Ryhujddug/ 4<<;/ Wkh Gdqlvk Frpshwlwlrq
Dfw dqg Eduulhuv wr Hqwu|/ lq V1 Pduwlq +Hg1, Frpshwlwlrq Srolflhv lq Hxursh/
Qruwk0Kroodqg/ Dpvwhugdp= :804371
Exughww/ N1/ dqg N1O1 Mxgg/ 4<;6/ Htxloleulxp Sulfh Glvshuvlrq/ Hfrqrphwulfd
84= <880<9<1
Fduowrq/ G1Z1/ dqg M1P1 Shuor￿/ 4<<7/ Prghuq Lqgxvwuldo Rujdql}dwlrq/ 5qg Hg1/
KdushuFroolqv/ Qhz \run/ Q\1
Gdqlvk Frqvxphu Frxqflo +GFF,/ 4<<:/ Ghw phqhu IrueuxjhuuŁghw rp= Shqvlrq0
vrsvsdulqj +lq Gdqlvk,/ Frshqkdjhq/ Ghqpdun +dydlodeoh rq kwws=22zzz1irueux0
jhuuddghw1gn2srolwln2duwlnho2srobshqv1kwp,1
Gdqlvk Frqvxphu Frxqflo +GFF,/ 4<<</ Eloiruvlnulqjvjxlgh *<< hu xgnrpphw +lq
Gdqlvk,/ Frshqkdjhq/ Ghqpdun +dydlodeoh rq kwws=22zzz1irueuxjhuuddghw1gn2
q|khghu2eloiruvjxlgh1kwp,1
Gdqlvk Plqlvwu| ri Wudgh dqg Lqgxvwu|/ 4<<</ WØw sŁ hukyhuyvsrolwlnnhq +Lq0
gxvwuldo Srolf| Xs Forvh/ lq Gdqlvk,/ Frshqkdjhq/ Ghqpdun +dydlodeoh rq kwws=
22zzz1hp1gn2sxeolnd2pdunhgvsro2,1
Ghqhfnhuh/ U1/ 4<;6/ Gxrsro| Vxshujdphv zlwk Surgxfw Gl￿huhqwldwlrq/ Hfr0
qrplfv Ohwwhuv 44= 6:0751
Ghqhfnhuh/ U1/ 4<;7/ Fruuljhqgd/ Hfrqrplfv Ohwwhuv 48= 6;806;:1
Gl{lw/ D1/ 4<:</ D Prgho ri Gxrsro| Vxjjhvwlqj d Wkhru| ri Hqwu| Eduulhuv/ Ehoo
Mrxuqdo ri Hfrqrplfv 4<= 530651
Ihuvkwpdq/ F1/ dqg D1 Ilvkpdq/ 4<<5/ Sulfh F|fohv dqg Errpv= G|qdplf Vhdufk
Htxloleulxp/ Dphulfdq Hfrqrplf Uhylhz ;5= 4554045661
64Iulhgpdq/ M1/ 4<;6/ Roljrsro| Wkhru|/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/
XN1
Kdg￿hog/ J1N1/ U1 Krzvh/ dqg P1M1 Wuhelofrfn/ 4<<;/ Lqirupdwlrq0Edvhg Sulqfl0
sohv iru Uhwklqnlqj Frqvxphu Surwhfwlrq Srolf|/ Mrxuqdo ri Frqvxphu Srolf| 54=
464049<1
Nohpshuhu/ S1/ 5333/ Dsso|lqj Dxfwlrq Wkhru| wr Hfrqrplfv/ Gudiw/ Qx!hog
Froohjh/ R{irug Xqlyhuvlw|1
Odpehuwlql/ O1/ 4<<:/ Sulvrqhuv* Glohppd lq Gxrsro| +Vxshu, Jdphv/ Mrxuqdo ri
Hfrqrplf Wkhru| ::= 4;404<41
Odpehuwlql/ O1/ dqg G1 Vdvdnl/ 4<<</ Rswlpdo Sxqlvkphqwv lq Olqhdu Gxrsro|
Vxshujdphv zlwk Surgxfw Gl￿huhqwldwlrq/ Mrxuqdo ri Hfrqrplfv 9<= 4:604;;1
Odpehuwlql/ O1/ dqg F1 Vfkxow}/ 4<<</ Sulfh yv1 Txdqwlw| lq d Uhshdwhg Gl￿huhq0
wldwhg Gxrsro|/ gudiw/ Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq1
Pduwlq/ V1/ 4<<6/ Dgydqfhg Lqgxvwuldo Hfrqrplfv/ Eodfnzhoo/ R{irug/ XN
Qlovvrq/ D1/ 4<<</ Wudqvsduhqf| dqg Frpshwlwlrq/ gudiw/ Vwrfnkrop Vfkrro ri
Hfrqrplfv1
R!fh ri Idlu Wudglqj +RIW,/ 4<<9/ Idlu Wudglqj Pdjd}lqh/ qr1 47/ Orqgrq/ XN
+dydlodeoh rq kwws=22zzz1riw1jry1xn2kwpo2wudglqj2wu0dufk2wudg471kwp,1
Uhlfk/ Q1/ 4<<4/ Glyhuvh Dssurdfkhv wr Frqvxphu Surwhfwlrq Sklorvrsk|/ Mrxuqdo
ri Frqvxphu Srolf| 47+6,= 58:05<51
Vfkhuhu/ I1P1/ dqg G1 Urvv/ 4<<3/ Lqgxvwuldo Pdunhw Vwuxfwxuh dqg Hfrqrplf
Shuirupdqfh/ Krxjkwrq Pl"lq/ Ervwrq/ PD1
Vhowhq/ U1/ 4<:6/ D Vlpsoh Prgho ri Lpshuihfw Frpshwlwlrq/ zkhuh 7 Duh Ihz
dqg 9 Duh Pdq|/ Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru| 5= 47405341
Vkdsoh|/ O1/ dqg P1 Vkxeln/ 4<9</ Sulfh Vwudwhj| Roljrsro| zlwk Surgxfw Yduld0
wlrq/ N|norv 55= 630771
Vlqjk/ Q1/ dqg [1 Ylyhv/ 4<;7/ Sulfh dqg Txdqwlw| Frpshwlwlrq lq d Gl￿huhqwldwhg
Gxrsro|/ UDQG Mrxuqdo ri Hfrqrplfv 48= 87908871
Vshqfh/ P1/ 4<:9d/ Surgxfw Gl￿huhqwldwlrq dqg Zhoiduh/ Dphulfdq Hfrqrplf
Uhylhz 99= 73:07471
Vshqfh/ P1/ 4<:9e/ Surgxfw Vhohfwlrq/ Il{hg Frvwv/ dqg Prqrsrolvwlf Frpshwl0
wlrq/ Uhylhz ri Hfrqrplf Vwxglhv 76= 54:05681
Vwljohu/ J1/ 4<97/ D Wkhru| ri Roljrsro|/ Mrxuqdo ri Srolwlfdo Hfrqrp| :5= 770941
Wkruhool/ K1 dqg V1Y1 Wkruhool/ 4<::/ Frqvxphu Lqirupdwlrq V|vwhpv dqg Frq0
vxphu Srolf|/ Edoolqjhu Sxeolvklqj Frpsdq|/ Fdpeulgjh/ PD1
Wluroh/ M1/ 4<;;/ Wkh Wkhru| ri Lqgxvwuldo Rujdql}dwlrq/ PLW Suhvv/ Fdpeulgjh/
PD1
Ylyhv/ [1/ 4<;8/ H!flhqf| ri Ehuwudqg dqg Frxuqrw Htxloleuld zlwk Surgxfw
Gl￿huhqwldwlrq/ Mrxuqdo ri Hfrqrplf Wkhru| 69= 49904:81
65